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BDCFEHG9EHCFIKJMLNPORQ?SHT7U ∗ V?W IYXFORZ\[\]R^DOR_`_aORG9I †
bcedgfihkjl monpf4qsrutHvwnyx{z|hgv}x{~svwnpfMnytHvwnyx{z
 h4wRvdgfihx{fM~sryhFh
xHwhgv/'tHfMft
/tH~s~9x{wv  h"hcehgceh3zkl 7 s hgf4shlj~,tHh
 &¡¢¤£¥¦hatH~s~9x{wvvwtHnpvh D§ qsz~sx{srydgfih D§ x{~svwnpfMnytHvwnyx{z  h`¨©x{wfihª{«  q¬zehg­
D§ qsz¬moqs~9hg®mRx{zsny°¯¦qewnpzehi±hgv|²msmR¯±o³x{qe  hix{zvwtHnpzovht  x  Rz,tHfMny´qeh#hgvt{Fµ
x{qevwny´qeh·¶%¸¹tax{zovwtHnpzvh`t{x{qewvwny´oqehx{zehgwzehrut|  z  tHvwnyx{z  q\,tHzsªx{zsny´oqeh#~,tH
r § t·ºonyx{z@¶D»}z`~s  hgzvhqszehkf  vwcex  h D§ x{~svwnpfMny®tHvwnyx{z  h4¨tHnpsryh  npfihgzewnyx{za~9x{qs"tHz,tHrpRhg
r § npfM~,t{gv  qzehg­'wqshx{zvwtHnpzvh7¶srpqe~s  gny  fihgzv·¼tH~sdt·ºx{np~,tHtHf  vwwny  ryh}zehg­
 hr § t·ºonyx{z@¼Dx{z  c,tHzovwnprpryx{zszehir § hw~,t{h  hx{zvw½{ryh¼@~sqsny'x{z¾x{zevwwqsnpv'rutwqs¿¨t{h  h  µ
~?x{zeh´oqsnRzex{qe  x{zszehr § x{~svwnpfqsf¤ryx{,tHr¶¸¹t/wnpfqsrutHvwnyx{zh s x{fM~?xhhgz  hgq  vtH~?hÀ
(i)
r §Á x{qsryhgfihgzov/tHqsvx{qs  qÂ~sxHÃerDfix s rpny  ~,tHryh  ´q,tHvwnyx{ze D§ÁÄ qsryhg8hgv
(ii)
rut~sx{~,t µ
tHvwnyx{z  h'x{z  h  h~shwnyx{zªtHqÅx{r¼?´oqsn%t#~?x{qs"x{z  npvwnyx{zÅnpzsnpvwnutHryhrutx{rpqsvwnyx{z Ä qsryhg·¼
~,tH'qsz¢fix  dgryh  hvwtHzew~?x{wv D§ x{z  hMzex{zµrpnpz  tHnph¶&ÆÃez D§ t·ºx{np4qszehfihgnprpryhgqsh~s  nyFµ
vwnyx{z  q¾,tHzs°x{zsny´oqehhgv  x{zeqszehfihgnprpryhgqs  º{tHrpq,tHvwnyx{z  hrut#¨Çx{zegvwnyx{zªx{Èsv·¼?ryh·tHrygqsr
 hkr §Á x{qsryhgfihgzv'hgz`f  ·tHzsny´oqeh  hÉeqsn  h}hv8x{qs~sr  ht·ºh4r § t  tH~svtHvwnyx{z  hkftHnprprutHh
~?x{qsx{svhgzsnp8qszeh'x{rpqsvwnyx{z°~srpqe~s  gnyh¶
Ê6ËeÌ·ÍÎÏPÐ£Ñ»}~svwnpfMnytHvwnyx{z  h¨©x{wfih¼qs¿¨Çt{h  h  ~?x{zeh¼%ftHnprprutHhÂzex{zÒvwwqegvwqs  ¼
t  tH~svtHvwnyx{z  h}ftHnprprutHh7¼  ´q,tHvwnyx{ze D§ÁÄ qsryhg·¼s  qegvwnyx{z  qÂ,tHzsMx{zsny´qeh¼~sx{~,tHtHvwnyx{z
 h8x{z  h  h"~shwnyx{z@¶
∗ Ó,ÔÕÖØ×eÙHÚ ÛÜwÝ ÜÞÛÖØß®à á¹×ØÕ®âHãäÜäåÞæ0ÖYç ÛÖØÕ7à èéÛ
† Ó,ÔÕÖØ×eÙHê9Ö ëÇÕ®çà ì/íFî{ÕÔÔÕFÝ7Öéæ0ÔÕåîoà âHç ÖYï·ðuÔí®ç·åñ{ò·à èéÛ
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sÎÌ£¹bcsny hg~?x{wv  h·tHrynpvwct{« wc,tH~9h}x{~svwnpfMnp­7tHvwnyx{zÂ~sx{sryhgf*xH¨&tmoqs~9hg®mRx{zsny
¯¦qewnpzeh&±hgv²msmR¯±o³¹zexh qsz  hg t{hgx  Rz,tHfMnytHz  t{x{qewvwny¦x{zewvwtHnpzov·¶bceh¦t{x{qevwny
~9hgn Ã,·tHvwnyx{zÅx{zehgwze/vwcehhgzehgtHvh  x{zsny4?xox{f `vwcehtHnpgt ¨©v·¶ªh4~shhgzovktiryxµ
 npfihgzenyx{zsz,tHrRx{~svwnpfMnp­7tHvwnyx{zfihgvwcex  npzx{  hg&vx}tHz,tHrph vwceh npfM~,t{gv&xH¨evwceh zexh x{zkvwcehh
x{zevwtHnpzv·¶ax{h8~shgnyhgrp¼t ¨©vhg ~,tHtHfihgvhgwnp­npzsMvwceh}zexh}xH¨@vwceh/tHnpgt ¨©v·¼vwceh/x{zvwx{r
~,t{h ny¹®tHfM~sryh  ¼ vwcehgzvwceh hw~?x{zeh wqs¿¨Çt{h ny@sqsnprpvcsnyctºh qe@vwceh ryx{,tHrx{~svwnpf4qsf°¶
bcehwnpfqsrutHvwnyx{zÅny"w~srpnpvwvh  npzav x~,tHwv·À
(i)
vwceh4É,x gryxhvx#vwcehtHnpgt ¨©v'fix  hgrpnp­·h 
ovwceh Ä qsryhgh´oq,tHvwnyx{zetHz 
(ii)
vwceh/~shwqsh¦t·ºh'~sx{~,tHtHvwnyx{z°vxvwceh/x{qsz  ¼csnyc
c,t  vwceh Ä qsryhg¦x{rpqsvwnyx{zt{npzsnpvwnutHr9x{z  npvwnyx{z@¼npvwcivwcehtºhF¨Çx{wf3~,tHtHfihgvhg fihgvwcex  ¶Þz
x{  hgvxc,t·ºh4tfix{h'~shgnyh"~shwqsh"wnyh'x{zÂvwceh"x{qsz  tHz  vwcehghF¨Çx{h4t9hgvwvhg}xwv
¨©qszegvwnyx{z`hgºtHrpq,tHvwnyx{z@¼evwceh¥%« É,x6x{fM~sqsvtHvwnyx{z`nyx{qs~sryh  npvwc°fihwc`t  tH~svtHvwnyx{zavx
x{svtHnpzatfix{h4t{gqstHvh4x{rpqsvwnyx{z@¶
! ?Í#"Ë$
%0£|moc,tH~?hx{~svwnpfMnp­7tHvwnyx{z@¼hw~?x{zehwqs¿¨t{h¼oqszewvwwqegvwqsh  fihc@¼fihwct  tH~µ
vtHvwnyx{z@¼ Ä qsryhg8h´oq,tHvwnyx{ze·¼ex{zsny'?xRx{f h  qegvwnyx{z@¼&¦t·ºhF¨©x{wf ~,tHtHfihgvhg8fihgvwcex  ¶
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Æ¹ºh'rutfMnyhkhgz`hgwºRnyh  h¥¦x{zex{  h#²ÇtHq{wx{qs D§ cqsn0hgvwtHnpv  ³hgvr § tH~s~,tHwnpvwnyx{z¾wnpfqsr µ
vtHz  h  h"fihqsh  ryhgfihgzvtHnph  hwvwnpz  h~sx{v  hgryh~?x{~sqsrutHvwnyx{zex{zehgwz  h8~,tH
ryh4wqswºx{r  q`qs~9hgx{zsny´oqeh¼sryh4,tHzsx{zsny´oqeh4hwv}tH~s~,tHwqax{fMfihkryh'~sc  zex{fidgzehft whgqs
x{z  npvwnyx{zsz,tHzovryh  x{ftHnpzeh/x{~  tHvwnyx{zszehgr  htºRnyx{ze  h8vwtHzew~?x{wv wqs~?hgx{zsny´oqeh hgv·¼~,tH
x{ze  ´qehgzov·¼srutºRnutHsnprpnpv k x{zex{fMny´qeh  h'h8tH~s~,tHhgnpry·¶
8z\rutHwhhDx{wvhwvt{gvwqehgrpryhgfihgzovih?hgvwq  wqsr § tHf  rpnyx{tHvwnyx{z  h·tHt{gv  wnywvwny´qeh
 h"tºRnyx{ze  h4vwtHzew~?x{wv}qs~9hgx{zsny´oqeh·¶0tH'hFshgfM~sryh¼9tHqvtHvwµ8zsny·¼ryhk~sx{tHfMfih
 mR6²  qsnyhgv"moqs~?hgx{zsnykrutHv¿¨Çx{wf#³  tHze8ryh'·t  h D§ qsz°~sxHwhgv  h'ruti«Æ}}Æ ²©«"hF¨Çhgzeh
Æ  ºtHzeh  }hh·tHc xH¿hgv#Æ8hgzege³npfM~?xhrut¾  qegvwnyx{z  qÐ~shgfMnyhg~sny  h`wqs¿µ
~shwnyx{z+²©cexR7³  hirutÂwnpz,tHvwqsh  qª,tHzsax{zsny´oqehtHq¢x{rqszehnpzvhgzewnpv  npz¨  wnyhgqsh
0.3
rpnpºoh/~,tH/~snyh  '·tHw  ²P~e¿¨F³F¼, § hwv¿µ µ  nph
15
0t{·tHry·¼?~9x{qs/rut#x{zewvwwqegvwnyx{z  h}¨Pqµ
vwqsMt·ºonyx{zeMwqs~?hgx{zsny´oqeh·¶»}Mt{gvwqehgrpryhgfihgzov·¼%r § hFR~?xwnpvwnyx{z  hrut°~?x{~sqsrutHvwnyx{zÒtHq ,tHzs
x{zsny´qeh"hwv D§ hgzºRnpx{z
100
0t{·tHry4²P~9x{qs8¥¦x{zex{  h¼s~,tHhFshgfM~sryh7³F¼sh"´qsnDhwvhgzex{h
7¨Çx{ny0~srpqe´qeh¦r § x{whgvwn ¨Ãs  ¶{«"h0hDx{wvwnpfMnprutHnph x{zvh?hgvwq   hgz Ä qsx{~9h¶ Ä z stHzeh¼
ryh4¥¦x{fMnpv 'D§ »}wnyhgzovtHvwnyx{zÅmRgnyhgzovwn Ã,´qehk~9x{qsryhb¹tHzew~?x{wv}moqs~9hgx{zsny´qehvwt·º{tHnprpryh4wqs
rut~sxRc,tHnpzeh4  z  tHvwnyx{z D§ t·ºonyx{ze  t{gvwnyx{z  h'vÞo~?h4¥¦x{zex{  h¶
¥¦hgvwvh  vwq  h'hv¦hDhgvwq  h  tHzeryh"·t  h D§ qsz°x{zovwtHv8tºh'«'t{tHqsrpvÆ&ºonutHvwnyx{z~?x{qs
rutx{zehg~svwnyx{z  q¾¨©qsvwqsktºRnyx{z D§ tDtHnphmoqs~?hg®mRx{zsnyi¯¦qewnpzeh'±hgv²msmR¯¦±R³  hM«"t{tHqsrpv
Æ&ºRnutHvwnyx{z@¶¸@hÂsqsv  hÂhvwtºtHnpr8hwv  hfihgvwvwh`hgz  ºon  hgzehÂr § h·t{gnpv ` hMf  vwcex  h
D§ t  tH~svtHvwnyx{z  hkftHnprprutHh¼´qsn&x{zv  hkzexwx{qsvwd8~9hgq|hgfM~sryx·  h  tHzer § npz  qewvwwnyh¼
~?x{qs¹r §Á vwq  h  q,tHzs/x{zsny´oqeh¶70x{qshgrut¼·zex{qe0~s  hgzovx{ze  tHze0h tH~s~9x{wv&ryh¹  wqsrpvtHv
x{svhgzoqe8wqsqszeh"qszeh'~srutHvhFµÇ¨Çx{wfih D§ x{~svwnpfMnytHvwnyx{zat  tH~svtHvwnpºh  nywvwwnpsq  hi²P~s  rpnpfMnpz,tHnph7³
xÂzex{qe/tºx{ze}x{zewn s   qsz°~sx{srydgfih D§ x{vw~snpfMny®tHvwnyx{zawnpfM~srpn Ã  ¶
¸¹tiwnpfqsrutHvwnyx{z  h4hk~sx{srydgfihz  hwnpvh4ryh4x{qs~srutHh D§Á ´q,tHvwnyx{ze  h4rutMf  ·tHzsny´oqeh
 h Éeqsn  h t·ºh  h  ´oq,tHvwnyx{ze  h8~sx{~,tHtHvwnyx{z@¶o¸¹h  ´oq,tHvwnyx{ze  h~sx{~,tHtHvwnyx{z#qsvwnprpnyhgzv
x{fMfih|x{z  npvwnyx{zenpzsnpvwnutHryhrut¢x{rpqsvwnyx{z6²P~shnyx{z³  q+c,tHfM~+~sxRceh  x{zsz  h`~,tH#rut
f  ·tHzsny´oqeh  h/Éeqsn  h·¶@¥¦hg~9hgz  tHzov·¼?~9x{qs'´oqeh4ryhx{qs~srutHhMx{npv/ºtHrpn  hhgv"~?x{qs'x{svhgzsnp
qszehk9x{zszeh4~s  nygvwnyx{z  q`,tHzs#x{zsny´qeh¼,npr¹hwvz  htHnph  hkx{zewn s hg}rutix{rpqsvwnyx{z  q
c,tHfM~°~sxRceh'wqtHfMfihgzovryx{npz  qÂ~sxHÃerD~?x{qs~shgz  h'hgz°x{fM~svh'vx{qeryh  r  fihgzv
 hirut  x{f  vwwnyh¶&¸ § t  tH~svtHvwnyx{z  hMftHnprprutHhhv  x{zeMqsz¢·tHz  n  tHvn s tHr ~9x{qsx{svhgzsnp
 h#ftHzsnydghh·t{hhgv~s  gnyh#qszeh#vhgrpryhx{rpqsvwnyx{z@¶ /x{qetºx{zehDhgvwnpºhgfihgzvi´oq § hgrpryh
~?hgwfihgvwvtHnpvrutM·tH~svwqsh  hcexR  h"ftHzsnydgh4~s  gnyh  tHzeryh  x{ftHnpzeh  hk·tHrygqsr"!p# ¶
Ä zx{~svwnpfMnytHvwnyx{z  h¨©x{wfih~9x{qs ryh tºRnyx{ze vwtHzex{zsny´oqeh  tHze  h x{z  npvwnyx{ze  hºx{r
 hagx{nywnydgh¼¦ryht{w~9hgvfqsrpvwn µ gwnpvdgh°x{zehgwzehgzvÂ~swnpzegnp~,tHryhgfihgzov°r § t  x  Rz,tHfMny´oqeh
hgvryh·tHt{gv  wnywvwny´oqehÂ  x{f  vwwny´oqeh  har § tºRnyx{z@¶0tH°hFshgfM~sryh¼ryhasqsv~?hgqsv%$gvwh  h
h  qsnph8rut"vwt&yz  h'"qszeh~?x{wvtHzeh  x{zsz  h/hgv tºh8qszeh  ~,tHnyhgqs ft RnpftHryh  x{zsz  h¼o´oqsn
~?hgwfihgv D§ t{qshg8rut¨tHnytHsnprpnpv k h4rutMwvwwqegvwqsh(!p·# ¶,¸ § x{~svwnpfMnytHvwnyx{z  h"¨©x{wfih4~9x{qs8ryh
vwtHze~9x{wvkqs~9hgx{zsny´oqeh4gnpºRnpry'npzegrpqsvkqszeh#tHqsvwhix{fM~9x®tHzvhi~swnpzegnp~,tHryhÀ¹ryhix{zvw½{ryh
 qÅ,tHzs°x{zsny´qeh  z    ~,tH4r § tºRnyx{z)!p9G
# ¶¹¥¦hM´qsnhgz  hi~sx{srydgfihM~srpqe  n*gnpryhi´oqeh
 tHze8rutM·t{vwtHzex{zsny´oqeh4·tH8ryh  qegvwnyx{ze  hkrutvwt&yz  h4hgv  q`,tHzsx{zsny´oqehkx{zv8~,tH
z,tHvwqsh°npzex{fM~,tHvwnpsryha²©hgzÐ  npfih`wqs~9hgx{zsny´qehryhM  x{f  vwwnyh+|¨tHnpsryhÂvwt&yz  h°x{zov
,.-[v, á
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t?qsv  h8hgv}x{zv8qsz`c,tHqsv8zsnpºh·tHq  hk,tHzs#x{zsny´oqehk·tHryh}cexRÂx{zv/tHvwvt{c  ®³F¶9«'tHze
hgvwvh  vwq  h¼Dryhsqsvkhwv D§ tHz,tHrphgkr § npfM~,t{gvqs/ryhi,tHzs`x{zsny´oqeh  hfix  n Ã,·tHvwnyx{ze  q
zehg­  q¾moqs~9hg®mRx{zsny¯ qenpzeh±hgv²msmR¯±o³hgzÂqsvwnprpnytHzv}r § t  tH~svtHvwnyx{z  h'ftHnprprutHh¶
  hgfMfihgzv·¼~srpqewnyhgqs}vwtºtHq|x{zv}vwtHnpv  ryh4~sx{srydgfih  h4r § x{~svwnpfMnytHvwnyx{z  h'¨Çx{wfih
 tHze¹ryhsqsv  h   qsnph ryh,tHzs/x{zsny´qeh¶8zeh tH~s~sxoceh D§ x{~svwnpfMnytHvwnyx{zryx{,tHryh  h r § tºRnyx{z
t  v  qsvwnprpny  h  tHze !Y¼·#hgv  tHze ! F¼R9s
#RqszehtHz,tHrph  h r § npfM~,t{gv  h  n*  hgzvh%~,tHwvwnyh
 qk¿hgv¦wqs~9hgx{zsny´qeh8t  v  hDhgvwq  h¶ Ä rpryh8fix{zvwh/´qeh8c,t{´oqeh~,tHwvwnyh  h8rut'  x{f  vwwnyh  h
r § t·ºonyx{zªtx{zanpfM~9x{wvtHzeh  tHze"r §Á fMnynyx{z  qa,tHzsÂx{zsny´oqeh¶9Æ}npzewn¼  tHze ! F# ¼,r § npfM~,t{gv
 h"r § t wx{qsv  h  ·tHz,tH  wqsryh"zehg­t  v k vwq  n  ¶
«"tHzezex{vwh|tH~s~sxRceh¼ r § x{¿hgvwn ¨4hvM¨ÇtHnph°qszeh  vwq  h°~s  rpnpfMnpz,tHnph|~?x{qs#tHz,tHrpRhg
rut¨ÇtHnytHsnprpnpv # hMrutfMnyhhgz¢~srut{h D§ qszehi~srutHvhFµÇ¨©x{wfiht  tH~svtHvwnpºh D§ x{~svwnpfMny®tHvwnyx{z\~?x{qs
ryh#,tHzsÅx{zsny´oqeh¶ /x{qeMtHrpryx{zezex{qetHvwvt{cehg(°fihgvwvwhhgz  ºon  hgzehryh  z  Ã,hrpn  
`r § qsvwnprpnytHvwnyx{z  hr § t  tH~svtHvwnyx{z  hftHnprprutHh¼hgz x{zvwh~,tHwvwnyh~?x{qsr § x{~svwnpfMny®tHvwnyx{z  h
rut¨Çx{wfih¼?zex{qe'zex{qe"hwvwhgnpzex{ze'nygn¼ #r § tHz,tHrph  hr § npfM~,t{gvkwqs'ryh,tHzs°x{zsny´oqeh  h
fix  n Ã,·tHvwnyx{ze  q`zehg­  q|msmR¯±e¶
&x{qs´qehMryhx{qs~srutHh#hgzovwhiryhix  h Ä qsryhghgvkryhix  h  hM~sx{~,tHtHvwnyx{z x{npvkºtHrpn  h¼
zex{qeMtHrpryx{zeqsvwnprpnyhgr § t  tH~svtHvwnyx{z  h#ftHnprprutHh°t Ãez  h#·tHrygqsryhg  h#ftHzsnydgh~s  gnyhrut
 nyvwwnpsqsvwnyx{z  q c,tHfM~  h~shwnyx{z ryx{npz  q ~sxHÃer¶ /x{qeMhw~?dgx{zeMtHnpzewnx{svhgzsnpMqszeh
fihgnprpryhgqsh4~s  nygvwnyx{z  q|,tHzs#x{zsny´oqeh¼s{h Mqszeh'~s  nygvwnyx{z  q|c,tHfM~`~sxRceh~srpqe
~s  gnyh'ryx{npz  q°~sxHÃer¶
0tH0x{zvwh¼ ryh&tHrpx{wnpvwcsfih D§ x{~svwnpfMnytHvwnyx{z²©x{fM~sryhFsh®³Dz §Á vtHzv0~,t{¹hgzex{h hgz4~srut{h
 tHzerut~srutHvhFµÇ¨©x{wfih4t  tH~svtHvwnpºh¼,zex{qe}t·ºx{zeh?hgvwq  qszeh  vwq  h'wnpfM~srpn Ã  h D§ x{~svwnpfMnyt µ
vwnyx{z  U
    ! ,t{  h¾wqs  hÂwqs¿¨Çt{h  ha  ~?x{zeh¶rpqe~s  gny  fihgzv·¼zex{qezex{qe
x{fMfih"hwvwhgnpzv r §Á vwq  h D§ qsz  c,tHzvwnprpryx{zsz,tHh  hr § hw~,t{h  hMx{zvw½{ryh  x{zsz  ~,tH
qszeh~,tHtHf  vwwnytHvwnyx{z¢hgzavwx{ny  npfihgzewnyx{ze  q¾zehg­  qÅmsmR¯±e¶?0x{qskc,t{´oqeh  c,tHzvwnprpryx{z@¼
zex{qe  vtHsrpnyx{ze#t¾¨Çx{zegvwnyx{z+x{Èsv´qsn}~shgz  hgz x{fM~svh  h#x{zvwtHnpzvh°t  x  Rz,t µ
fMny´oqeh'²Pvwt&yz  h'hgv ~?x{wvtHzeh7³ hgvt{x{qewvwny´qehM²Pryh/,tHzsMx{zsny´oqeh7³ hgvzex{qehgz s qsnyx{zeryh
~sxHÃer?x{~svwnpftHr  q#zehg­  qmsmR¯±e¶0x{qshgrut¼npr?wqiv  h/x{zewvwwqsnph/rutkqs¿¨Çt{h²PcR~9hgqs¿µ
¨t{h7³  h'  ~?x{zehkt{xRgn  h rut¨Çx{zegvwnyx{z`x{Èsv·¶
«"tHze htH~s~9x{wv·¼zex{qe ~s  hgzvx{ze qszeh~srutHvhFµÇ¨©x{wfih}t  tH~svtHvwnpºh D§ x{~svwnpfMnytHvwnyx{zwnpfµ
~srpn Ã  hhgv/zex{qe  x{zszex{ze}ryh/  wqsrpvtHv"x{svhgzoqe'wqs/hgrpryhFµ gn  tHze/ryh·t  h  hr §Á vwq  h  h
rut  qegvwnyx{z  q°,tHzsx{zsny´oqeh  fMnpv~,tHryh4msmR¯±  hk«'t{tHqsrpvÆ&ºonutHvwnyx{z@¶
¸¹tÂ~shgfMnydgh#~,tHwvwnyh  h#hitH~s~?x{wvx{zehgwzeh#rutÂfix s rpnytHvwnyx{z  hir §Á x{qsryhgfihgzov·¶0¸&t
mRhgvwnyx{zÂ s gwnpv¦rut'~scoRwny´oqeh8hgv rut'fix s rpnytHvwnyx{z  q,tHzsx{zsny´qeh¶ Ä zewqsnpvh¼orut'f  vwcex  h
D§ t  tH~svtHvwnyx{z  hftHnprprutHh¼qsvwnprpny  h~9x{qs npf4qsryhg ~s  gny  fihgzov r §Á x{qsryhgfihgzov·¼ohwv hF~?x  h
 tHzerutimRhgvwnyx{za¶R qsny·¼ryh}mRhgvwnyx{zejihgv~s  hgzovhgzv8r § npfM~,t{gv  h"r § t  tH~svtHvwnyx{zahgv  q
c,tHfM~`~sxRcehkqsryh",tHzsx{zsny´oqeh¶
¸¹t  hgqnydgfihk~,tHwvwnyh s gwnpv8ryh'~sx{srydgfih D§ x{~svwnpfMnytHvwnyx{z  h"¨©x{wfih¶ }x{qe8~sx{~9xx{ze
 tHzerut¾mRhgvwnyx{z F°qszeh~,tHtHf  vwwnytHvwnyx{z  q zehg­  q msmR¯±e¼  tHzerutÅmRhgvwnyx{zÐ°rut s Ãsµ
zsnpvwnyx{z  h#rut`¨©x{zegvwnyx{z x{Èsvqsvwnprpny  hhgv  tHzerut¾mRhgvwnyx{zTs°zex{qe s gwnpºx{zeMrut`f  vwcex  h
D§ x{~svwnpfMny®tHvwnyx{z $uU
   !  ,t{  h'wqsryhwqs¿¨t{h  h"hg~?x{zeh¶
&npz,tHryhgfihgzov·¼  tHze}rut  hgwzsnydgh~,tHwvwnyh¼,ryh/  wqsrpvtHv/x{svhgzqekt·ºhhgvwvh~srutHvhFµÇ¨©x{wfih
x{zv~s  hgzov  8hgv8tHz,tHrp  ·¼mRhgvwnyx{zG¶
vv çwJx!y x!z
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  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«"tHzeMhgvwvhÂhgvwnyx{z@¼&zex{qe#tHrpryx{ze D§ tH9x{  ~s  hgzovhgMqszeh  hgwnp~svwnyx{z ~scwny´oqeh  q
,tHzs#x{zsny´qehhgv8hgzewqsnpvh'zex{qenpz  ny´oqehgx{zerutMfix s rpnytHvwnyx{z  q°~sx{srydgfih¶
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¸@hM,tHzs|x{zsny´qehihv'qszª~sc  zex{fidgzeh  hiz,tHvwqsh#t{x{qewvwny´oqeht{xRgn  vx{qsvfix{snpryh
h s ~srut!·tHzv  tHzekr § tHvwfixw~scedghqszehMºRnpvhhMwqs~  wnyhgqsh rutºRnpvhh  q¢x{zÅryxR·tHryh¶
¥¦hgvwvhftHzsn ¨ÇhwvtHvwnyx{z hwvrpn  h`r § tºRnyx{z vx{qsvtHq ryx{zs  h#x{z ºx{rwqs~?hgx{zsny´qehhgv~,t{
qszsny´oqehgfihgzvtHq¢hgqsr~,t{®tHh  qÅf4qs  qªx{zªx{zvwtHnphgfihgzov Âr § x{~snpzsnyx{z¢x{qstHfMfihgzv
  ~,tHz  qeh¶¸¹hx{zMhgzvhgz  qtHqMx{r¼tH~s~9hgr  ,tHzs'x{zsny´oqeh¼{hwv  È 8qszehswqe´qeh¦ºtHwnutHvwnyx{z
 h"~shwnyx{z\²©x{q`x{z  h  h'cexo7³  tHzer § tHnp8tHf4snutHzov·¶
rpqe ~s  gny  fihgzv·¼Rryx{  h}x{z s ~srut{hgfihgzov·¼RqsztºRnyx{zx{fM~swnpfih/tHqsvx{qs  hrpqsnr § tHnp
 x{zov8npr@xRgqs~9hkrut~srut{h¼eg  tHzv"tHnpzewn  hqsw~shwnyx{ze8hgv  h s ~shwnyx{ze/t{x{qewvwny´qeh7¶
¸ § hgzehgf4sryh  h"h¦~9hgwvwqsw,tHvwnyx{ze}t{x{qewvwny´qehk²©x{qÂx{z  h  h"cexR®³ nywqeh  h/r § tºRnyx{zÂh
vwx{qsºhgzovkr § npzov  wnyhgqs D§ qszÂ½{zehÀtH~s~?hgr  ½{zeh  h¾t{c@¼´qsn9hg~s  hgzovh"qszeh}wqs¿¨t{h  h
 nyx{zvwnpzqsnpv  ~?x{qsDrut~srpqs~,tHwv  h@ºtHwnutHsryh@vwcehgwfixHµÞt  x  Rz,tHfMny´qeh²P~shwnyx{z@¼  hgzenpv  ¼
ºRnpvhh¼0hgzvwx{~snyh7³F¶ Æ8qsvwhgfihgzov  npv·¼hgz ºx{rqs~9hgx{zsny´oqeh¼0ryhx{z  fMny~,tHMr § tºRnyx{zÐhwv
x{zovhgzq ar § npzv  wnyhgqs  q+½{zeh  h at{c@¶ ¥¦hÂ½{zeh`ta~?x{qsx{fMfihgvMryhÂzehg­  h°r § tºRnyx{z
hgvM~?x{qs  hgfMn µÞtHzsryhatHqÒx{fMfihgv
α
 hvhgrpryh°x{wvh°´oqehÀ
sin(α) = c/a = M−1
¼ x
chv#  r  wnpv ¾ q x{z@¼
a
rut¢ºonpvhh  h|r § tºRnyx{zhgv
M
ryh|zex{f4sh  h at{c@¶ Ä z   tHrpnpv  ¼
c,t{´qeh|t{gn  hgzv  tHzeit¾  x{f  vwwnyh ²Pzehg­¼ tHnpryh·¼p¶p¶p¶Ø³  fihgv#x{z ~sx{~sh`½{zeh  h at{c@¶
%tH°x{ze  ´oqehgzv·¼qszx{ehgwºtHvhgqsÂ~srut{  ~sd  har § tºRnyx{z.hgzvhgz  tHnpv°~srpqewnyhgqs,tHzs7¶
¥¦hg~?hgz  tHzv·¼?ryh'x{z  h  hcexoh s ~srut{hgzv   h"ºRnpvhh/r  dghgfihgzv  n*  hgzvh4·tH
qszehwqsw~shwnyx{z¾¨tHnpvtHqsfihgzvhgrutvhgfM~  tHvwqsh  hr § tHnp4hgv  x{ze#t{  rydghiryhMx{z@¶@¸¹h
 nyvtHzeh/qs8ryh´oqehgrpryh/ryh}x{z  h  h4cexoh4~sx{~,tHhgzv'x{zov"t{hg­npfM~?x{wvtHzvh"~?x{qs
´oqehryh ~srpqe npzovhgzeh¦tHvwvwtH~9hgzov ryh ~srpqe ¨ÇtHnpsryh hgv ¨©qewnyx{zszehgzvtºh/hgrpryh/²©F¨w¶ 0npqsh7³F¶
¥ § hv~9x{qshgrut´oq § tHq°x{r@x{zÂzeh"~?hg"!x{npvhgzÂ  z  tHr¹´qeh  hgqÂcexR·¶s¸@h4½{zeh  h at{c
hvnprprpqewvw  wqsrut 0npqsh4¶
8z x{ehgwºtHvhgqsiwnpvwq  tHqÐx{rz § hgzvhgz  wnyhgz vtHzov´q § nprhvwx{qsºh |r § hFv  wnyhgqs  q
½{zeh  h at{c@¶  q,tHz  rut#wqs¿¨Çt{h  q¾½{zehtHvwvhgnpzov/r § x{ehgwº{tHvhgqs·¼9npr%wqssnpv8qszehswqe´oqeh
ºtHwnutHvwnyx{z  h~shwnyx{z|²©x{z  h  hcexR7³tHqzsnpºh·tHq  hr § hgzºhgryx{~s~?h  q½{zeh¼´oqsne~sx  qsnpv rut
hgzetHvwnyx{ztHq  npvwnpºh  h,tHzsx{zsny´qeh²Prut'~srpqe   z,tHzvh  q#~?x{npzv  hºRqeh  h8rut'~?hghg~svwnyx{z
tHq  npvwnpºh7³F¶&¸¹tÂ  nyx{z hFR~?x  hitHq\,tHzs`x{zsny´oqehi §Á vhgz  ²Pcex{wnp­·x{zovtHryhgfihgzv®³  hM~,tHwvhgv
D§ tHqsvwh  hruta~sxH¿hgvwnyx{z  hrutavwt ¿hgvx{nph`tHq+x{r  hr § tºRnyx{z@¼ wqsMqszehÂrutHwhgqs  h
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100 # f wqsnpºtHzvryhMx{z  npvwnyx{ze  hºx{r'²©F¨w¶ &npqsh°³F¶ Ä z ¨tHnpv·¼&hgrpryhÂtHqsfihgzovh`tºhr § tHrpvwnpvwq  h¼?rut#rutHwhgqs  hrut#  nyx{zªhFR~?x  htHqa,tHzsÂhwv D§ tH~s~sx·RnpftHvwnpºhgfihgzov
1

1.5
# f ~?x{qs%c,t{´oqeh 300 f D§ tHrpvwnpvwq  h¶¥¦hgvwvh¦  nyx{zhwvtH~s~9hgr  h rut8·tHw~?hgvwvh¦~swnpftHnphhgv0hgrpryhh s ~srut{h'tºh/r § tºRnyx{zvtHzv´q § npr9ftHnpzvwnyhgzovqszeh/ºonpvhh8wqs~?hgx{zsny´oqeh¶¥ § hwv¦ryh/x{qsryx{np
qsryh´oqehgrhwvhgzvhgz  qÐryh,tHzsÅx{zsny´oqeh¼0x{wh~9x{z  tHzov |rut`~sx{~,tHtHvwnyx{z  hx{z  h
nywqeh  nphgvhgfihgzov  hkr § t·ºonyx{z@¶ /x{qe8zeh~,tHwryhgx{ze"~,t{8nygn  h"tHqsvwh}  nyx{ze"hF~9x  h
´oqeh'x{zovrut­·x{zeh D§ x{f4shhgvrut·tHw~?hgvwvhkhx{z  tHnph¶
$ à&%oÕ¦ñH×Yâ ñ{ÕÛÇå¹Ý7Üß¿Ü('@ÖYç èéí®ÛÔÕåÖYí®ç'@íFçå*)äå+)%ß¿í®×Y×ØÜäßäå+)¿Ü(''Çâ Û&Ý Ü('@Ý7íß¿âHÔÜäç·å+'Dñ â, ×ØÖYß('Dí®â-'Çâ Û@ÖYçåÜäÛç Üäåwà
,.-[v, á
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«"tHzerutÅ·tHw~?hgvwvhÂ~swnpftHnph¼ ryh`wnpz,tHr}t{x{qewvwny´oqeh°~s  hgzovh°  z  tHryhgfihgzov
2
cexo
²P~,tH¿¨Çx{ny}~srpqe®³¦hw~?x{zetHsryh  hkrutM$gzehxo·t{nyx{zsz  h¼wnpfMnprutHnph'qszax{qs~  h'vx{zszehgwh
~sxRceh¶@¥¦hv R~?h  h,tHzsÂx{zsny´oqehhwv"  z    tºh  h"x{z  npvwnyx{ze  hºx{r  hgx{nynydgh¼
®twnpz,tHvwqsh  h~shnyx{z\tHq¢x{r"rut¨©x{wfih  hrutÂryhgvwvwh ¶@¸@h4,tHzs4hgz ax{zov
qsz\cexR¨Px{zovtHr¼&´oqsn hwvkqsz¢~sny  hiwqsw~shwnyx{z+²P~snyM~?xwnpvwn ¨  hM~shwnyx{z³F¼¹wqsnpºon D§ qszeh
,tHnyh"rpnpz  tHnph  h"rut~shwnyx{z¿qe´oq § tHq°cexR4tHwwnydghk´oqsnD  vtHsrpnpvrut~shwnyx{z`tHfsnutHzvh¶
¸ § npzvhgzewnpv / hrut4wnpz,tHvwqsh  q,tHzsx{zsny´oqeh s ~?hgz # h ·tHt{gv  wnywvwny´oqeh ~scoRny´qeh  h
r § t·ºonyx{z@¼  h®tºonpvhhhgv  q¢rpnyhgq\x\npr x{~?dgh¶ Ä rpryhhwvnpzºhghgfihgzov~sx{~?x{wvwnyx{zszehgrpryh%
x{z¢tHrpvwnpvwq  h`²©hgzªh?hgv·¼?rut°wqsw~shwnyx{z  ¾t{c  x{zsz M npfMnpzoqehx{fMfihMrutt{gnpzeh·tHw 
 h"rut~shwnyx{z`tHvwfixw~sc  wny´oqeh7³hgv~,tHx{zvwhkhgrpryhktHqsfihgzovht·ºh'rutºonpvhh  h"r § tºRnyx{z@¶
¥¦hg~?hgz  tHzv·¼ryh8qsw~shwnyx{ze  qeh}tHq`,tHzsx{zsny´oqehkzeh4x{zv8~,t{8qszsn ¨©x{wfih  tHze}r § tHnph
D§ npfM~,t{gv·¶s¸ § npzvhgzewnpv ' q,tHzsMhwv¦~srpqetHz  h  tHzerut4  nyx{z  nphgvhgfihgzvnpvwq  h/x{qe
rutvwt whgvx{nph  h'r § t·ºonyx{z@¼  hgºhgz,tHzv8~sx{hwnpºhgfihgzv  h'~srpqehgzÂ~srpqe¨tHnpsryhktHq¨©qshgv 
fihqshk´qeh"r § x{z| §Á ryx{npzeh'cex{wnp­·x{zvtHryhgfihgzov  h"rutvwt ¿hgvx{nph  h'r § tºRnyx{z@¼&0npqsh4¶
Ä zÃez@¼{hgwvtHnpzeh%ftHz"qsºoh  h r § tºRnyx{zÂ²©x{fMfih¦r § t{  r  tHvwnyx{z@¼{ryh0ºRnptHh0x{qryh&~sn µ
´oq  ®³¹~?hgqsºhgzv x{z  qsnph/qszehtHfM~srpn Ã,·tHvwnyx{z#ryxo·tHryhx{q¨ÇxR·tHrpnytHvwnyx{z  qM,tHzskhgzM?x{  qsh
 h ·tHw~9hgvwvh¶H¸¹t¨©x{wfih  qnpz,tHrRhwv  tHryhgfihgzvx{zewn s tHsryhgfihgzovfix  n Ã  h¼ rut8npz,tHvwqsh
 h4~shwnyx{z¾tHq|x{r@~shgz  tHryx{}rut¨Çx{wfih D§ qsz 9¶¸@h},tHzs¨Çxo·tHrpny  8x{zv  h8cexo
~?xwnpvwn ¨Ç r § t·º{tHzovhgv Âr § tHwwnydgh  hMrut`wnpz,tHvwqsh  tHze4ryh´oqehgrykryhk~sny  hiwqsw~shnyx{z
x{zvwqs~  wnyhgqs hgq  q,tHzshgz 9¶R¸@h/¨t{gvhgqs D§ tHqsfihgzvtHvwnyx{z  h~sny¦~?hgqsvtHr µ
ryhg¹äqe´q § 
5
x{q
10
¶atHny hgvwvh/tHqsfihgzovtHvwnyx{zz § tDhgvh/hgqsryhgfihgzv´oq § qszeh²Pvwd®³~9hgvwnpvh
  nyx{z#´q,tHz  x{zMrut"x{fM~,tHh/rut"  nyx{z´oqsnehwv hF~9x  htHqMhvh  qM,tHzs4x{zsny´oqeh¶%tH
x{zovwh¼ D§ tHqsvwh"ftHz"qsºoh7¼Dx{fMfihrut s   r  tHvwnyx{zªx{q¾r § t{hgzenyx{z@¼?~9hgqsºhgzov'  qsnph
rut¨Çx{h  hcexo7¶
vv çwJx!y x!z
s   17  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¸¹tkºtHwnutHsnprpnpv  tHvwfixw~sc  wny´oqeh'tkqszeh}¨Çx{wvh8npzegn  hgzeh"wqs¦ryh8,tHzsMx{zsny´oqeh¶ Ä z~,tHwvwn µ
gqsrpnyhg·¼ryh t  nyhgzov  hºhgzv hgv  hvhgfM~  tHvwqsh/tHnpzewn´qehrutkvwqswsqsryhgzeh}tHqx{renpzÉeqehgzv·¼
D§ qszeh}~,tHwv qs rut4~9xwnpvwnyx{zhgv r §Á vhgz  qeh  hrut·tHw~?hgvwvh~swnpftHnph¼ D§ tHqsvwh8~,tHwvwqs r § tHfµ
~srpnpvwq  hÂhgvruta$gzehª²PvhgfM~e  hfix{zov  h7³  hMwnpz,tHq t{x{qevwny´qeh·¶ }zehÂtHqsfihgzvtHvwnyx{z
x{q\,tHnyh  hrutÂvhgfM~  tHvwqshnpfM~srpny´oqehgzvhw~?hgvwnpºhgfihgzvqszehic,tHqehx{q\,tHnyh  hrut
ºRnpvhh  qix{z@¶{«"x{ze¼  tHze  hx{z  npvwnyx{ze tHvwfixw~sc  wny´oqehqewqehgrpryh·¼xrut}vhgfM~  tHvwqsh
 h r § tHnp s gx{npv t·ºh r § tHrpvwnpvwq  h'²P~sc  zex{fidgzeh  h   ¨©t{gvwnyx{zMtHvwfixw~sc  wny´qeh7³F¼Hryh&t  nyhgzv
 h"vhgfM~  tHvwqsh4x{qsw?hgzv² s ºonyhgzov®³¦ryhx{z  h/t{x{qewvwny´qeh8ºhgryh"c,tHqsv·¶e«'tHzevx{qeryh
·t{7¼~?x{qs´qeh/ryh/,tHzsMx{zsny´qeh'tHvwvhgnpzeh"ryh"x{r¼Rnpr¨ÇtHqsv´oqeh}rutºRnpvhh}hgrutHvwnpºh  h/r § tºRnyx{z
~,tHtH~s~?x{wv}tHq`x{r@x{npv~srpqetHz  hk´oqeh"rutºRnpvhh  q°x{z`tHq|x{r¶
¸@h,tHzs}x{zsny´qeh8x{zvfihqs  ~,tHryh8npzs  zsnyhgqs}hgz°fMnprprpnp,tH²Pf4³k²©x{q|0t{·tHrK³
 h#wqsw~shwnyx{z ~,tH4tH~s~?x{wv ÂrutÂ~shwnyx{z tHvwfix~sc  wny´qehtHf4snutHzovh¶	 x{nygn¦´oqehgry´oqeh
 cehgrpryh  h'fihqsh  h'rutwqsw~shnyx{zkÀ
 hgz  hx{qe  h
0.15
f4@¼srutMqsw~shwnyx{z°hwv  n*gnpryhgfihgzov s vhgv  h¼
 
0.5
f@¼Dhgrpryhz § hgz  x{fMftHhi~,t{"ryh" Hvwnpfihgzv·¼@ § hv"hgrpryhg  h~,tH"qsz\mRµäR
¯¦rut{ # snp  ºx{rutHzv at{c 3  24 000 f D§ tHrpvwnpvwq  h¼
  h
0.75

1
f4Âryh~?hgx{zszehx{fMfihgzehgzv h}~srutHnpz  h  qswqsnpv´qsn?hhgf4sryh
Åhgrpqsn D§ qsz+x{qs~  h°·tHzex{z hgv´qsn8~9hgqsvhgz  x{fMftHhgryhM¨Çhgz $gvwh·¼ ¥¦x{zex{  h
  z  tHnpvqszeh/qsw~shwnyx{z  h
1
f4ryx{ D§ qszºx{r  at{c
2

15 000
f D§ tHrpvwnpvwq  h¼
¬tHqsvx{qs  h
1

2.5
f4 ryh,tHzsÅ~?hgqsvMxo·t{wnyx{zszehgrpryhgfihgzovhgz  x{fMftHhgiryh Hvwn µ
fihgzv·¼eqszeh'9x{zszeh4wvwwqegvwqsh'  wnywvh'®tHze  x{fMftHh 
5.5
f4  h'wqsw~shwnyx{z@¼
+ryh"~srpqe¨Çx{wv¦,tHzs#x{zsny´qeh¦tHftHnyhgzshgnywvw k vtHnpv  h
72
f@¼npr¹t  v  ~sx  qsnpv~,tH
qsz|tºRnyx{z  h'c,t{h &µjMºx{rutHzv äqevhktHq  hwqe  h ¾t{c
1

30
f D§ tHrpvwnpvwq  h

0x{qs/ryh/t·ºonyx{ze/wqs~?hgx{zsny´qeh"t{gvwqehgry/hgz`ºx{r  h4gx{nywnydgh¼ryhk~sny  h4wqsw~shnyx{z|ºtHwnyh
 hfix{npze  h
0.5
fMnprprpnp,tH`²Pf4³8¿qe´q § ¾tH~s~sx·RnpftHvwnpºhgfihgzov
5
f4 ~?x{qsqsz ,tHzsÅhgz
òà0â}×YÖØïÛÜ('¹ñ{Õ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 G
 9¶R«'tHze  h}  hgzvvhv·¼ryh}~srpqe ¨©x{wv¦,tHzsMx{zsny´qeh}fihwqs  ~9hgz  tHzov  h¦x{z  npvwnyx{ze
 h"ºx{r¹  tHrpnywvh  vtHnpv  h
10.5
f@¶
0tH8x{zovwh¼,x{zovwtHnphgfihgzv'tHq°,tHzshgz9¼ryh",tHzsM¨Çxo·tHrpny  ~9hgqsv  ºhgzovwqehgrpryhgfihgzv
npz  qsnph  h  x{fMftHhtHq#wvwwqegvwqsh'²Pswny  h8ºRnpvwh·¼p¶p¶p¶Ø³4·tHqeh  h}r § tHfM~srpn Ã,·tHvwnyx{z  h
rut8wqsw~shwnyx{z@¶ ¸¹t¨ÇxR·tHrpnytHvwnyx{zhgzºonptHh ~9hgqsv $gvwh  ºRnpv  h hgz4~sxgwnpº{tHzov&ryh&ftHz"qsºoh
 ¾t{ci¨ÇtHnpsryhgfihgzov¦wqs~?hgx{zsny´oqeh¶ Ä zihgºtHzeceh¼rut/¨©xR·tHrpnytHvwnyx{zhgzt{  r  tHvwnyx{zzeh~?hgqsv
$gvwh  ºRnpv  h4ryx{´oqehkr § t·ºonyx{z s ~,t{hkr  dghgfihgzv ¾t{c
1
²©hgzovwh at{c
1.15
hgv
1.2
³F¼?wqs
qszeh¦­·x{zeh ¨Çx{wftHzvqszMgx{nytHzov D§ qszehryx{zsqehgqs  h´oqehgry´qeh # npryx{fidgvwh·¼{wqs%qszeh¦rutHwhgqsD§ qszeh4hgzvtHnpzeh  h"fidgvwh}hgzºRnpx{z@¶
¸ §Á zehgwnyh  q,tHzsÒx{zsny´qehªhv°x{zehgzvw  h  tHze°r § npzvhgwºtHrpryh  h¾¨©  ´qehgzeh
0.1
µ
100
cehgwvw­°hÂ´oqsnhvvwdinpz¨  wnyhgqstHq swqsnpv·tHqe  ~,tHMryhit·ºonyx{zeiqsex{zsny´qehMhgvMrut
~srpqs~,tHwv  h/swqsnpv/npz  qewvwwnyhgry·¶9¸¹t  qs  h  q|,tHzsx{zsny´oqehhwv'tH~s~sxnpftHvwnpºhgfihgzv  h
0.1
hx{z  h¦~?x{qsrut8ft whgqsh¦~,tHwvwnyh  h tºRnyx{ze  hrut}vtHnprpryh D§ qszc,t{hgqs hgv
0.3
hx{z  h
~?x{qs ryh'¥¦x{zex{  h¶¸¹t  qs  h8npzovhgwºonyhgzovtHqewn  tHze¦zex{vwh}~9hghg~svwnyx{z  h8r § x{z  h  h/cexR¼
x{z`hhgzv
1
x{q
2
,tHzs·¶,«  ~?hgz  tHzv  h4r § tHrpvwnpvwq  h  h4r § tºRnyx{z@¼eryhk,tHzsx{zsny´oqeh4tHvwvhgnpzv
ryh'x{r  h
2

60
hx{z  h8tH~sd}´qeh"r § t·ºonyx{zax{npv~,t{  ¶
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¸¹tiwnpfqsrutHvwnyx{z  h4hk~sx{srydgfihz  hwnpvh4ryh4x{qs~srutHh D§Á ´q,tHvwnyx{ze  h4rutMf  ·tHzsny´oqeh
 h}Éeqsn  h'tºh  h  ´oq,tHvwnyx{ze  h4~sx{~,tHtHvwnyx{z@¶@¸&ti  x{rpqsvwnyx{z  q¾~sx{srydgfih § hDhgvwqeh
 x{zehgz  hgq  vtH~9h7¶@b¹x{qsv D§ tH9x{  ¼¹r §Á x{qsryhgfihgzv  tHzekrut  nyx{z\~sxoceh  hr § tºRnyx{z@¼
tH~s~?hgr  h4c,tHfM~¾t  x  Rz,tHfMny´qeh4~sxoceh¼hwv}·tHrygqsr  hgz°qsvwnprpny®tHzv/ryh  ´oq,tHvwnyx{ze D§ÁÄ qsryhg
~?x{qsMrut  Rz,tHfMny´qeh  hMtH­`x{qe¨Çx{wfih°x{zehgwºtHvwnpºh !p·
# ¶¸&t  nywvwwnpsqsvwnyx{z  h°~sh¿µ
nyx{z|x{svhgzqehMqs8ruti¨Px{zovwnydghnpz¨  wnyhgqsh  qac,tHfM~a~sxRcehhwv/hgzewqsnpvhqsvwnprpny  hx{fMfih
x{z  npvwnyx{z#npzsnpvwnutHryh~?x{qs rut/~sx{~,tHtHvwnyx{z  hr § x{z  h  h~shwnyx{z#tHqix{r¶¸¹t  nywvwwnpsqsvwnyx{z  h
vv çwJx!y x!z
·   17    #  
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Near Field
Global CFD Domain
Wave propagation initialization
Ground
Shape
Merging Shocks
Atmospheric Properties:
temp(z), pres(z), wind(z)
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~shwnyx{zhwv~sx{~,tH  h/tHqx{rehgziqsvwnprpnytHzov qszehf  vwcex  h  h~sx{~,tHtHvwnyx{z  h~,tHtHfidgvwh
s gwnpºtHzv}r § x{z  h  h"~shwnyx{z ²  ¦tºhF¨Çx{wf ~,tHtHfihgvhg}fihgvwcex  ³ !p7# ¶
b¹x{qsvhF¨Çx{ny·¼¹rut`fix s rpnytHvwnyx{z  hir §Á x{qsryhgfihgzvihgz f  ·tHzsny´oqeh  h4Éeqsn  hÂ²  ´q,tHvwnyx{ze
D§ÁÄ qsryhg®³hwvvwwn  npfihgzewnyx{zszehgrpryh/hgv zex{zµrpnpz  tHnph¼tHryx{ ´oqehrut"~sx{~,tHtHvwnyx{zhwvqszifix  dgryh
rpnpz  tHnph/hgzqszeh  npfihgzewnyx{z@¶0x{qs¦´oqeh}ryh8x{qs~srutHh"x{npv ºtHrpn  h¼onpr,¨tHqsv ´oqeh8rut4x{rpqsvwnyx{z  q
c,tHfM~~sxoceht  x  Rz,tHfMny´qehx{npvt Rnyof  vwwny´oqeh¶¥¦hgvwvh¦x{z  npvwnyx{zMhwv0z  htHnph¦~?x{qs
~shgz  hhgz¾x{fM~svhvx{qe}ryh  r  fihgzov  hrut  x{f  vwwnyh  h4r § t·ºonyx{zÐ²K¨©qehgrutHh¼DtHnpryh·¼0¶p¶p¶Ø³F¶
%tH x{ze  ´qehgzov·¼~?x{qs x{svhgzsnp qszeh9x{zszeh~s  nygvwnyx{z  qi,tHzsx{zsny´qeh¼npr,hwv z  h®tHnph
D§ x{svhgzsnpMqszehÂx{rpqsvwnyx{z ~s  gnyh  qÐc,tHfM~ ~sxRcehÂwqtHfMfihgzoviryx{npz  q ~sxHÃer¶&x{qs
  x{q  hkh"~sx{srydgfih¼ezex{qe8~sx{~9xx{ze D§ qsvwnprpnyhgr § t  tH~svtHvwnyx{z  h"ftHnprprutHh¶
¸¹tÂfix s rpnytHvwnyx{z  hMr §Á x{qsryhgfihgzvMhwvnprprpqewvw  hc  ftHvwny´qehgfihgzovMwqs4rut 0npqsh#je¶
¥¦x{fMfih4rut~sx{~,tHtHvwnyx{z  h8x{z  h/tHq|x{r¹hv¨ÇtHnpvh4hgz`~?xwv¿µ~sxohwnpzse¼sr § qsvwnprpnytHvwnyx{z  h
 n*  hgzv%x  h  h ~sx{~?x{tHvwnyx{zzeh c,tHzshhgzwnyhgzr § tH~s~sxRcehqsvwnprpny  h  tHze%hgvwvh  vwq  h¶
 ÎË9&Ï o¡  > Ì  > ¡ªoÎ! > ?D@ %o? % 	 ¸ §Á x{qsryhgfihgzov  qc,tHfM~M~sxocehtHqsvx{qs
 hir § tºRnyx{z\hwv'fix s rpny  ~,tHryh  ´q,tHvwnyx{ze D§ÁÄ qsryhg·¶&¸@hMtH­hwv  x{zewqs~s~?x  ~,tH¿¨tHnpv·¼
npr/hwvzex{z+ºony´qehgqÒhgv#npr8z § Òt¢~,t{  h  n*9qewnyx{z+vwcehgwfMny´qeh¶»}z+zex{vh
ρ
rut  hgzewnpv  ¼
~U = (u1, u2, u3)
ryhkºhgvhgqsºonpvhh¼
T
rutvhgfM~  tHvwqsh¼
E = T + ‖
~U‖2
2
r §Á zehgwnyh4vx{vtHryh¼
p = (γ − 1)ρT
rut~shnyx{z\tºh
γ = 1.4
hgv
∇
r § x{~  tHvhgqst  nyhgzv·¶0¸@h  ´oq,tHvwnyx{ze
D§ÁÄ qsryhg8 §Á gwnpºhgzv/x{qe¨Çx{wfihkx{zehgwºtHvwnpºh  h'rutftHzsnydghkqsnpº{tHzovhÀ













∂ρ
∂t
+ ∇. (ρ~U ) = 0 ,
∂(ρ~U)
∂t
+ ∇. (ρ~U ⊗ ~U) + ∇p = 0 ,
∂(ρE)
∂t
+ ∇. ((ρE + p)~U) = 0 ,
,.-[v, á
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x|x{z`tMwqehwnpºhgfihgzov8ryh  ´oq,tHvwnyx{ze  h4x{zehgwº{tHvwnyx{z  h"rutft{h¼  qÂfix{fihgzv"hgv  h
r §Á zehgwnyh4hFR~swnpf  h}x{qe¨Çx{wfih'vhgzex{wnyhgrpryh¶
¸¹t  x{rpqsvwnyx{zzoqsf  wny´qeh  h  ´oq,tHvwnyx{ze D§ÁÄ qsryhg%h¨tHnpv&~,tH0rutf  vwcex  h  h  x{rpqsfih
0npzsny0wqs  h¹ftHnprprutHh0zex{zµ wvwwqegvwqs   !p·
# ¶{»}zqsvwnprpnyh ryh Éeq  h }xoh ~9x{qs0rut  x{rpqsvwnyx{z
hgv·¼Rqszeh/hx{zewvwwqegvwnyx{z  h/vÞo~?h  'ms¥¦¸ªhgv  hrpnpfMnpvhgqs  h  tHzÂÆ8rp,t  t~?x{qsx{svhgzsnp
qszeh#~s  gnywnyx{z D§ x{  h  hgq ²PrpnpfMnpv  ³hgz hw~,t{h¶&¸ § tHrpx{wnpvwcsfihqsvwnprpny  hwvhF~srpnygnpvhhgz
vhgfM~e¦hgv qszc  ft  h}v R~9h}qszshFµ "qsvwvt 'vwx{ny ~,t{ hwv qsvwnprpny  ~?x{qs r § npzov  tHvwnyx{zÂhgz
vhgfM~e7¶
 rhwv4snyhgz x{zszoq ´oqeh#r § t  tH~svtHvwnyx{z  hftHnprprutHh~?hgwfihgvrut`·tH~svwqsh  hcexR  h
ftHzsnydgh4~s  gnyhkryx{npz  tHze8ryh  x{ftHnpzeh  h·tHrygqsr0hgz°  qsny®tHzv  h'¨t!x{z|wnpzsn Ã,·tHvwnpºhryh
vhgfM~e  h·tHrygqsr !p# ¶{0x{qs ryh·tHrygqsr  h r §Á x{qsryhgfihgzov  tHze%ryhc,tHfM~M~sxRceh¼{zex{qe%qsvwnprpnyhFµ
x{ze ryh vhcszsny´qeh D§ t  tH~svtHvwnyx{z  hftHnprprutHh¼o´oqsn,hgx{zov ~s  hgzov  h  tHze rut4mRhgvwnyx{zÂ¼
t Ãez D§ x{svhgzsnp4qszehMx{rpqsvwnyx{zÅ~s  gnyhMwqtHfMfihgzovkryx{npz  qÅ~sxHÃer¶ /x{qe'hw~9dgx{zetHnpzewn
x{svhgzsnp8qszeh'fihgnprpryhgqshk~s  nygvwnyx{z  h"rutMwnpz,tHvwqsh  h"rut~shwnyx{z`tHq`x{r¶
W 
 ËdI C Ì?KË > %o Ë > %  e 7ËÏ 	 &x{qsÅ~sx{~,tHhgªryh¾~?hgwvwqsw,tHvwnyx{ze  q c,tHfM~
~sxRcehÂtHq x{r¼&zex{qet·ºx{ze s ºhgryx{~s~  qsz x  h  h#~sx{~,tHtHvwnyx{z qsvwnprpnytHzvMrut`f  vwcex  h
 habcex{ft{ª²  ¦t·ºhF¨©x{wf ~,tHtHfihgvhgÂfihgvwcex  ³ !p7# ¶¦«"tHzehgvwvhÅtH~s~sxRceh¼¦r § x{z  h  h
~shwnyx{z°hwv·tHt{gv  wny  h4~,tHvwx{ny~,tHtHfidgvwh@À

mi
rutM~9hgzovh  hhgfihgzov  h'r § x{z  h  h"~shwnyx{z@¼

∆pi
º{tHwnutHvwnyx{z  h'~shwnyx{zÂ~,tH8hgfihgzv²©hgzovwhkryhx{z  h  h"~shwnyx{z
i
hgv
i + 1
³F¼

λi
vhgfM~e8·tHt{gvhgwnyvwny´qeh4~9x{qsryhkhgfihgzv  h'r § x{z  h  h"~shwnyx{z
i
¶
0x{qs"~sx{~,tHhg"r § x{z  h  h~shwnyx{z  tHze8r § tHvwfix~scedgh¼Dx{z|  x{q  qsz|Rwvdgfih  hvwx{ny
 ´oq,tHvwnyx{ze  n*  hgzvwnyhgrpryh/x{  npz,tHnph²Pqszehk~9x{qsc,t{´qeh4~,tHtHfidgvwh7³9À



















dmi
dt
= C1 m
2
i + C2 mi ,
d∆pi
dt
=
1
2
C1∆pi(mi + mi−1) + C2∆pi ,
dλi
dt
= −
1
2
C1(∆pi + ∆pi+1) − C1miλi ,
t·ºh'ryhzex{vtHvwnyx{ze@À
C1 =
γ + 1
2γ
a0
p0cn
, C2 =
1
2
(
3
a0
da0
dt
+
1
ρ0
dρ0
dt
−
2
cn
cn
dt
−
1
A
A
dt
)
,
x\r § npz  nyh
0
wnpzsn Ã,hiryh´q,tHzovwnpv    hr § tHnptHfsnutHzvMhgv4x x{z tÂzex{v 
a
rutÂºRnpvhh  q
x{z@¼
ρ
rut  hgzewnpv  ¼
cn
rut ºonpvhh  h¾~sx{~,tHtHvwnyx{z  h¾r § x{z  hªhgv
A
r § tHnph  qvwqs9h  h
t·x{ze't{x{qewvwny´qeh"x{qs~  ~,tH/ryh'¨©x{zv D§ x{z  h¶b¹x{qsvh'h  x{zsz  h/x{zv¨Çx{zegvwnyx{z  h
r § tHrpvwnpvwq  h¶,¸¹tºonpvhh  h"~sx{~,tHtHvwnyx{z  h"r § x{z  h'hwv  x{zsz  h'~,tH@À
cn = a0 + ~V0.~n
x ~V0
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hvrut"ºonpvhh  qiºhgzv¦hgv
~n
rut"zex{wftHryh}tHqi¨Px{zov D§ x{z  h¶Rmon,x{ziqs~s~9xh8´qehrut"ºRnpvhh  q
ºhgzov'hwv}zoqsrpryhitHryx{"x{zÅt
cn = a0
¶?¸ § tHnph  q|vwqs?h  h4t·x{ze4t{x{qewvwny´oqeh"hwv/·tHrygqsr  h
~,tH  n*?hghgzovwnutHvwnyx{zhgzqsnpº{tHzov rut"~sx{~,tHtHvwnyx{z  h8´q,tHvwh8tx{ze t{x{qevwny´qeh/²©cex{nywny  h
ftHzsnydght s ´q,tHvh7³´qsnD?x{wzehgzvryhkvwqs9h  h't·x{ze}t{x{qewvwny´oqeh·¶
&x{qs ¨©hgwfihg ryhRwvdgfih¼x{z s Ãezsnpv r § tHvwfixw~scedgh²       ºx{rpqsvwnyx{z  hrut/vhgfM~  tHvwqsh
hgv  hkrut~shwnyx{z`hgz¨Çx{zegvwnyx{z  h'r § tHrpvwnpvwq  h7³  h"rutftHzsnydghkwqsnpºtHzvhÀ
T (z) = max(T0 − 6.5 z , 216.5) ,
²¿7³
p(z) = p0
(
1 −
α z
Tsol
)
γ
γ−1
,
²Ç³
x
α = 9.8
hgv
γ = 1.4
¶0«"hM~srpqe·¼¹x{z\wqs~s~9xhi´qehr § tHnp4ºhgwn Ã,hirutÂryx{n  hktH­#~,tH¿¨ÇtHnpv·¶
«'tHzeÂhgvwvh  vwq  h¼zex{qeÂ¨ÇtHnyx{zeqszeh¾coo~?x{vwcedhÅwqs~s~sr  fihgzovtHnph¢wqsÂrut  nywvwwnpsqsvwnyx{z
tHvwfix~sc  wny´qeh/hgzvwh}r § tHrpvwnpvwq  h  qºx{rhgv ryh}x{r¼zex{qe¦wqs~s~?xx{ze ´oqehrutkºonpvhh  qºhgzov
hvzqsrpryh¶
&x{qs   x{q  hhwwvdgfih¼{nprewqiv D§ npzov  hg hgzMvhgfM~e ryhvwx{ny h´oq,tHvwnyx{ze  n*  hgzµ
vwnyhgrpryhx{  npz,tHnph%~s    hgzovh·¼hgzMx{zewn s tHzovvx{qsvhF¨©x{ny·¼Hqsz~,t{  h¦vhgfM~ewqtHfMfihgzv
~?hgvwnpv/~9x{qs'´oqeh4r § x{z¾~sqsnyhwqs~s~?xhg"´qehryh/º{tHwnutHsryh
C1
hgv
C2
x{zv'x{zewvtHzovh·¶D%tH
tHnprpryhgqs7¼?ryh~,t{ D§ npzvhgtHvwnyx{z  x{npv $gvwhvwx{ze´oq M hftHzsnydght s ´oq,tHvhryx{  hrut  xHµ
rpqsvwnyx{z@¶ Ä z|hDhgv·¼sryx{  h'rutM~sx{~,tHtHvwnyx{z  h'r § x{z  h  hk~shwnyx{z`ryhkryx{zs  h8vwt ¿hgvx{nph
 hitx{zet{x{qewvwny´qeh7¼  hizex{qsºh·tHqÒcexoºx{zv#hÂg  hg#x{qÐsnyhgz  h#cexRiºx{zov
¨©qewnyx{zszehghgzvwh'hgqD¶ .h/fix{fihgzvr ¼RqszÂx{q~srpqewnyhgqs
λi
vhgz  hgzvºhg­  xs¶emon?qsz  h
λi
vhgz  ºhg¦­  xhgzovwh  hgq~?x{npzv·¼Rryh/hgfihgzv´oqsnrpqsnDhwvt{xRgn  hwvwqs~s~swnpf  hgvx{z
t{gvwq,tHrpnyh'ryh~,tHtHfidgvwh/´qsn@·tHt{gv  wnyhkr § x{z  h  h'~shwnyx{z@¶
¸¹t°x{rpqsvwnyx{z  hhgvhgzehgf4sryh#hwv4~?xwnpsryhin rut  nywvwwnpsqsvwnyx{z\npzsnpvwnutHryh  h4º{tHwnutHsryh
hvt{hnpsryh¶s¸ § npzsnpvwnutHrpnytHvwnyx{z`hwv  x{zsz  h"~,tHrutx{rpqsvwnyx{z  qÂc,tHfM~Â~sxRceh'x{svhgzoqeh 
r § tHn  h  q|x  h Ä qsryhg'{«¶,rpqe}~s  gny  fihgzv·¼ryh8hgfihgzv  tHzezex{vwhnpfM~sr  fihgzvtHvwnyx{z
x{wh~9x{z  hgzov'qszeh  nyg  vwnytHvwnyx{z|qszsn ¨©x{wfih $U
    ! ryhkryx{zs  hkrutMvwt ¿hgvx{nph  q
ºx{r¶%¸@hºtHryhgqs  hºtHwnutHsryh~9x{qsihgvwvh  nyg  vwnytHvwnyx{z ~sx7ºonyhgzszehgzov  hºtHryhgqs  q
c,tHfM~°~sxRceh4t  x  oz,tHfMny´oqeh'~,tHnpzovhgw~9x{rutHvwnyx{z@¶«'tHzezex{vwhktH~s~sxoceh¼erut  nyg  vwny®t µ
vwnyx{z  qÂhgfihgzovryh}ryx{zs  h/rut4vwt ¿hgvx{nph'hwv~srpqe Ãezeh'´oqeh}hgrpryh/qsvwnprpny  h'hgzf  ·tHzsny´oqeh
 hÉeqsn  h~?x{qs·tHrygqsryhg8rutx{rpqsvwnyx{z@¶
,.-[v, á
 	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¸@h/sqsv  h}r § t  tH~svtHvwnyx{z  h/ftHnprprutHh'hwv  h¨Çx{qswzsnpqszfix7hgz  h}x{zovw½{ryhgrut~s  gn µ
nyx{z  h'rutMx{rpqsvwnyx{z|zqsf  wny´oqeh4hgz°fix  n ÃtHzv}rut  nyg  vwnytHvwnyx{z  q  x{ftHnpzeh4wqsnpºtHzv  h
x{zovwtHnpzvh  h}vtHnprpryhhgv  h  nphgvwnyx{ze·¶¸ § n s h/hwv  h}x{zovw½{ryhgrut'  z  tHvwnyx{z D§ qszzex{qµ
ºh·tHq|ftHnprprutHh  tHze}qsz|c  ft  h·tHrygqsr  hkvhgrpryhx{wvhk´oqehkr § hgwhgqs  h4·tHrygqsr&hvwnpf  h
qsh"ftHnprprutHh4hwv  ´oqsn µ  ~,tHwvwnyh  tHzevx{qsvh8ryh  nphgvwnyx{ze·¶
«"tHzehgvwvhhgvwnyx{z@¼0x{z\~s  hgzovh D§ tH9x{  r § tHrpx{wnpvwcsfih D§ t  tH~svtHvwnyx{z  hftHnprprutHh¶
Ä zewqsnpvh¼x{ztH~s~?hgrpryh"swnydgºhgfihgzv8vx{qsvhryh  vtH~?h  h}rut4~sxR  qsh D§ t  tH~svtHvwnyx{z@¶ }zeh
 hgwnp~svwnyx{z°~srpqe~s  gnyh  hx{fM~9x®tHzvh  h4h'c  ftit  v ' x{zsz  h  tHze !Ys¼JG# ¶
   
%   
        %  
«"tHzehgvwvhhgvwnyx{z@¼¹zex{qe~sx{~9xx{zekqsz\c  ft D§ t  tH~svtHvwnyx{z  hftHnprprutHhtHzsnyxHµ
vwx{~?hktHqsvx{ftHvwny´oqeh D§ tH~s~srpny·tHvwnyx{z`  z  tHryh²      npz s ~9hgz  tHzovh  q  x{ftHnpzeh D§ tH~s~srpny·t µ
vwnyx{z³F¼  x{zovic,t{gqszeh  hMx{fM~?xtHzvhhwvnpz s ~9hgz  tHzovh  hitHqsvwh·¶«'tHzeMhgvwvhÂtH~µ
~sxRceh¼Rr § t  tH~svtHvwnyx{z  h}ftHnprprutHh/hg~9xh/wqs¦ryh}·tHrygqsr  h¦ryx{zsqehgqs D§ tH $gvh  tHze¦qszeh
f  vwwny´oqeh  nygdgvh  tHzeryh'sqsv D§Á ´oqsn µ  ~,tHwvwnp8r § hgwhgqs8qsryh'ftHnprprutHh¶
¸ § n s h8~swnpzegnp~,tHryh  qc  ftgrut{wny´oqeh D§ t  tH~svtHvwnyx{z  h}ftHnprprutHh/x{zewnywvh''hcehg¿µ
cehgMqsz ~9x{npzovÃsh~?x{qsryhx{qs~sryh¨Çx{wf  ~,tHryh#ftHnprprutHh`hgvrutax{rpqsvwnyx{z@¶Æ}qsvwhgfihgzv
 npv·¼¹x{z\cehgceh°x{zºhgwhg rut¨Çx{nykºhgkrut°x{rpqsvwnyx{z ²©wvtHvwnyx{zsz,tHnph7³  qª~sx{srydgfihhgv
²©hgzÅqszªhgwvtHnpz\hgze®³}ºhg'ryhftHnprprutHht  tH~sv  t{xRgn  ¶ Þr  § tHnpv  x{ze D§ qsz¢tHrpx{wnpvwcsfih
npv  tHvwn ¨  tHzeryh´oqehgr¹c,t{´qeh'npv  tHvwnyx{z s sqsvhtºh4x{fMfihkx{qs~sryh'npzsnpvwnutHr¹ryh"ftHnprprutHhhgv
rutx{rpqsvwnyx{z°nywqe  h"r § npv  tHvwnyx{z|~s    hgzvh¶

			
(Hi,Mi)
(H0,S
0
0 )
(Hi+1,Si,Hi)
(Hi,Si)
		! "#$%&
Mi
Hi+1
S0
i+1
' %#&("#)*	+,#	#
-.  ("
#/!		
0&
Si
(Hi,S
0
i
)
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3
rpqe ~s  gny  fihgzov·¼RtH~sd ryh·tHrygqsr  hrutkx{rpqsvwnyx{zizoqsf  wny´qeh¼onprs¨tHqsv vwtHzegwnph}hgrpryhFµ
gn?hgzqszeh/npz¨©x{wftHvwnyx{zÂ~?hgwvwnpzehgzvh"~?x{qsryh8  z  tHvhgqs  h/ftHnprprutHh¼shgzvhgwfih  h8vtHnprpryh
hgv  h  nphgvwnyx{ze  h  r  fihgzv·¶&&x{qshgrut¼Dx{zªhwvwnpfih  tHze'qszÅ~shgfMnyhgkvhgfM~e4r § hgwhgqs
qsiryh  r  fihgzov  q+ftHnprprutHh¶ «'tHzezex{vwh`·t{·¼zex{qe#qsvwnprpnyx{ze#r § hwvwnpftHvhgqs D§ hgwhgqs
 uU
   !  tHzsnyx{vwx{~9h°  x{f  vwwny´qeh¼ ,t{  wqsMr § hgwhgqs D§ npzovhgw~9x{rutHvwnyx{z@¶   ~,tHwvwnp  h
hgvwvh/hwvwnpftHvwnyx{z  h}r § hgwhgqs·¼oqszeh/·tHwvh  h8vtHnprpryh'²Pqszc,tHfM~  h8f  vwwny´oqeh®³ tHzsnyx{vwx{~?h
 hvwnpz  hax{qsºhgwzehgrut¾  z  tHvwnyx{z  hftHnprprutHh|t  tH~sv  hvx{zewvwwqsnpvh¼  tHzeryhsqsv
D§Á ´oqsn µ  ~,tHwvwnp"r § hgwhgqs/·tHrygqsr  hwqs}ryh4ftHnprprutHh¶ Ä zewqsnpvh¼9qsz|ftHnprprutHh J . ²Çt  tH~sv  ³
hv/  z   M tHze4hgvwvhf  vwwny´qeh¶ Ä zÃez@¼@rut#x{rpqsvwnyx{zªhwv'npzvhgw~?x{r  hrpnpz  tHnphgfihgzvwqs'ryh
zex{qsºh·tHq\ftHnprprutHh¶%¥¦hi~sxohqe4hwvknpv    äqe´oq § Âx{zoºhgwhgzeh  hirutÂx{rpqsvwnyx{z ²©hgv  q
ftHnprprutHh7³F¶?¥¦h'c  fthwvnprprpqewvw  qsrut &npqsh¼ex°x{z|tzex{v  hw~?hgvwnpºhgfihgzv
T
¼
S
¼
S0
hgv
M
ryhftHnprprutHh¼rut"x{rpqsvwnyx{z@¼rut"x{rpqsvwnyx{zinpzsnpvwnutHryh/c,t{´qehnpv  tHvwnyx{zhgvrut/f  vwwny´qeh¶
       
   $%     
«"tHzehgvwvh¾hgvwnyx{z@¼¦zex{qetH~s~9hgrpryx{zeswnydgºhgfihgzov·¼r §Á vtH~9h  hax{zewvwwqegvwnyx{z  harut
f  vwwny´oqeh¶ }zeh  hgwnp~svwnyx{z`~srpqe~s  gnyh  hkhgvwvhkx{zevwwqegvwnyx{z`hwv  x{zsz  h  tHze !Y
# ¶
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U?D@ h j kdlnm/o0pqrkdpq 	»}z\t¨tHnpv'r § cR~?x{vwcedhi´oq § qsz
x{zovw½{ryh  hr § hgwhgqs D§ npzovhgw~9x{rutHvwnyx{zÒ~9hgwfihgv  hx{zvw½{ryhgMr § hgwhgqs D§ tH~s~sxnpftHvwnyx{zo¶
/x{vwh"hwvwnpftHvhgqs D§ hgwhgqs  u
    ! tHzsnyx{vwx{~9h/ºt  x{ze'$gvwh/,t{  wqs¦r § hgwhgqs D§ npzµ
vhgw~?x{rutHvwnyx{z@¶s¸@h/sqsvhwv  h}  z  hgqszftHnprprutHhkt  tH~sv  wqs¦ryh´oqehgr9r § hgwhgqs D§ npzovhgw~9x{rut µ
vwnyx{z|hwv  ´qsn µ  ~,tHwvwnyh  tHzevx{qsvhryh  nphgvwnyx{ze·¶
&x{qs}vx{qsv  r  fihgzv
K
 q°ftHnprprutHh  q  x{ftHnpzeh¼,x{z|trutMft ¿x{tHvwnyx{z|tHzsnyx{vwx{~9h  h
r § hgwhgqs D§ npzvhgw~?x{rutHvwnyx{z@¼,,t{  h4wqsryh s wnpº  h  h4hx{z  x{  h  h'rutºtHwnutHsryh'qkÀ
‖u − Πhu ‖∞,K ≤ c max
x∈K
max
e∈EK
〈~e , |Hu(x)|~e 〉 = εK ,
²Ç³
x
c
hvMqszeh°x{zewvtHzvha´oqsn s ~9hgz + hÂrut  npfihgzewnyx{z@¼
EK
r § hgzehgf4sryh  htH $gvh  h
r §Á r  fihgzov
K
hgv
|Hu| = R|Λ|R
−1 hwvrutºtHryhgqs8tHex{rpqeh  qÂcehwnyhgz  h"rutº{tHwnutHsryh u ¼Rx
R
hwv}rutiftHvwwnyh  h8ºhgvhgqs/~sx{~sh"hgv
|Λ| = diag(|λi|)
rutiftHvwwnyhÂ²  nutHx{z,tHryh7³  h
ºtHryhgqs8tHex{rpqeh  hºtHryhgqs~sx{~sh·¶
 o¡ 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?D@  	 »}zqsvwnprpnyh"tHryx{¦qszeh/tH~s~sx·RnpftHvwnyx{z  nygdgvh  h}rut
f  vwwny´oqehi´oqsnqsvwnprpnyhix{fMfih#wqs~s~9x{wv4ryhkx{fMfihgv  qÅftHnprprutHh¶%»}zªzex{vh
hmin
²Ph~@¶
hmax
³rut#ryx{zsqehgqs'fMnpzsnpftHryh`²Ph~@¶ft npftHryh7³"tHqsvx{wny  h~?x{qs"ryhktH $gvh  qaftHnprprutHh
xà&%Ü('Û+)('ÇâH×Áå Õå+' ç·â Ô)äÛÖ ·â Ü('%í , åÜ¿ç·â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 ·
hgv
ε
r § hgwhgqs D§ npzvhgw~?x{rutHvwnyx{z`vx{r    h¶eÆ}ryx{hgz°c,t{´oqeh'x{fMfihgv  qftHnprprutHh¼ D§ tH~sd8rut
}hgrutHvwnyx{z\²Ç³¦x{z s Ãezsnpvqsz`vhgzehgqs  h"f  vwwny´oqeh4tHzsnyx{vwx{~?h  h'rutftHzsnydgh4qsnpº{tHzovhÀ
M = R Λ̃R−1 ,
x
Λ̃ = diag(λ̃i)
hgv
λ̃i = min
(
max
(
c |λi|
ε
,
1
h2max
)
,
1
h2min
)
.
/x{qe"tºx{ze/npzvwx  qsnpv  tHze}rut s Ãezsnpvwnyx{z  h4rutif  vwwny´qeh  h}ryx{zsqehgqs D§ tH $gvh/fMnpzsn µ
ftHryh/hgv¦ft RnpftHryh"t Ãez D§Á ºRnpvhgryh f  vwwny´oqeh¦npw  tHrpnywvhhgv zex{vtHfMfihgzov~9x{qsx{zvw½{ryhg
ryh"~,t{  h'vhgfM~e  q°x{rpºhgqs}hFR~srpnygnpvh¶
«/x{ze°~9x{qs  ´oqsnp  ~,tHwvwnpr § hgwhgqs D§ npzvhgw~?x{rutHvwnyx{z wqsryhftHnprprutHh¼ x{zÒhwv#x{z  qsnpv
ªfix  n Ã,hgryh|~sx  qsnpv·tHrutHnpha´qsn/x{qe¿µvhgz  rutªzex{vwnyx{z  h  nyvtHzeh`qsvwnprpny  h|~,tHryh
  z  tHvhgqs  h"ftHnprprutHh·¼ r § tHn  h  h"rutf  vwwny´oqeh"ryxo·tHryh
M
´oqsnDhgfM~srut{h'rutf  vwwny´qeh
hgqegrpn  nyhgzszehªqewqehgrpryh¶»}z.cehgceh\tHryx{ \x{zevwwqsnph¾qsz ftHnprprutHhªt·ºh  h  r  fihgzv
  qsrpnyhg8qszsnpv    tHzerutzex{qsºhgrpryh4f  vwwny´qeh¶
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Ï |¡ªoÎ! > ?'D@ %o ? % 	 Ä z~stHvwny´oqeh  tHze¦ryh¦wn µ
fqsrutHvwnyx{zezoqsf  wny´qeh·¼,x{z°hwvx{z¨Px{zov  tHq¨ÇtHnpv´oqeh"ryhx{rpqsvwnyx{zeºtHwnyhgzv  h/~srpqewnyhgqs
x{  h  htHz  hgqs²P~sc  zex{fidgzehkf4qsrpvwn µ  cehgrpryh®³F¶0monx{zªhwv'hgzÅ~s  hgzeh  h~srpqewnyhgqs
~sc  zex{fidgzeh  h  n*  hgzovh tHz  hgqs'²PhgnpgqsrutHvwnyx{ze·¼RcexR·¼,¶p¶p¶Ø³F¼onpr,hwv  n*gnpryh  h}·tH~µ
vwqshgryh~srpqek¨tHnpsryht·ºhr § t  tH~svtHvwnyx{z  h#ftHnprprutHh¶%¥ § hv D§ tHqsvtHzov~srpqe  n*gnpryhhgz
f  ·tHzsny´oqeh  h¦Éeqsn  hryx{´oqeh  hcexRx{zov~s  hgzv  tHzer §Á x{qsryhgfihgzv·¶,¸&t·tH~svwqsh
 hh}~sc  zex{fidgzeh/¨ÇtHnpsryh"hwv/npfM~9x{wvtHzovh~9x{qs"x{svhgzsnp"qszehx{rpqsvwnyx{za~srpqe/~s  gnyhhgz
~shgz,tHzov}hgz°x{fM~svh4ryhgqsnpzvhgt{gvwnyx{ze"tºh4ryh8tHqsvwh~sc  zex{fidgzeh  h'r §Á x{qsryhgfihgzv·¶
 rt  v  fix{zovw  ´q § qszehhwvwnpftHvwnyx{z  hr § hgwhgqs'hgrutHvwnpºhryxo·tHryh~?hgwfihgv  h  x{q  h
hk~sx{srydgfih(!Y# ¼e § hwv¿µ µ  nphx{z°zex{wftHrpnyh4rutM8hgrutHvwnyx{z ²Ç³¦~,tHrutºtHryhgqs}tHex{rpqeh  h4rut
ºtHryhgqsryxR·tHryh  h'rutºtHwnutHsryh
u
À
∥
∥
∥
∥
u − Πhu
|u|ε
∥
∥
∥
∥
∞,K
≤ c max
x∈K
max
~e∈EK
〈~e ,
|Hu(x)|
|u(x)|ε
~e 〉 ,
²Pjo³
x
|u|ε = max(|u|, ε ‖u‖∞,Ω)
t·ºh
ε
qszehx{zewvtHzvh8~9hgvwnpvh  hgºtHzv
1
¶¸@hvhgwfih
ε ‖u‖∞,Ωhv qszi~,tHtHfidgvwh  hvwx{ze·tHvwqsh}~9x{qs  ºRnpvhg ryh ~sx{srydgfih zoqsf  wny´qeh7¶ Þr s Ãezsnpv¦tHqewn
r § npzovhgwº{tHrpryh4hgzvwh'rut~srpqe~?hgvwnpvh'hgvrut~srpqetHz  h  cehgrpryh´qeh/r § x{zÂºhgqsv·tH~svwqshg8 § hv¿µ
 µ  nph´oqehryx{´q § qsz ~sc  zex{fidgzeh~scwny´oqeh%°qszehtHz  hgqsMnpz¨  wnyhgqsh+ah#vhgwfih¼%npr
z § hv~,t{·tH~svwqs  ¶
    	      $   %  	$
«"tHzezex{vwhÂtH~s~sxoceh¼0rutÂ~sxR  qsh  h#  z  tHvwnyx{z  hftHnprprutHhÂt  tH~sv  hwv4,t{  h
qsrutiw~  gn Ã,·tHvwnyx{z D§ qszehf  vwwny´oqehtHzsnyx{vwx{~?h  nygdgvhhgz|c,t{´qeh4z"q | q°ftHnprprutHh
x{qstHzov·¶&x{qsÂhgrut¼x{z hv#x{z  qsnpv ªfix  n Ã,hgryh`~sx  qsnpv·tHrutHnph|hgqegrpn  nyhgz¬~,tHryh
snutHny  qÒc,tHfM~  h°f  vwwny´oqeh
M
¶ ¸@h°sqsv#hwv#tHryx{  h`x{zewvwwqsnph°qszÐftHnprprutHh|~?x{qs
ryh´oqehgr/vx{qsvh#ryhÂtH $gvhx{zov  h|ryx{zsqehgqs¢²P~sxoceh7³  h`qsz ºonywµ µºony  h`rut¢f  vwwny´oqeh
~shgwnpvhÀ
lM(~ei) ≈ 1
~?x{qsivx{qsvh°tH $gvh
~ei
hgvMvhgr8´oqehryh  r  fihgzv#x{nyhgzvi  qsrpnyhg7¶
}zavhgr0ftHnprprutHhit  tH~sv  hwv'tH~s~?hgr  ftHnprprutHh J . ¶@mRx{nyhgzv
P
qszÅx{fMfihgv  q|ftHnprprutHh
vv çwJx!y x!z
9F   17    #  
		63
hgv
M(P )
rutf  vwwny´qehhgz|hx{fMfihgv·¶9¸¹tiryx{zsqehgqs D§ qszehtH $gvh
PX
 tHze}rutif  vwwny´oqeh
M(P )
hwv s Ãezsnyhk~,tH@À
lM(P )(PX) = 〈
−−→
PX ,
−−→
PX 〉
1
2
M(P ) =
√
t
−−→
PX M(P )
−−→
PX .
«"tHzekryhi·t{kx¢x{z\tqszehif  vwwny´qeh  nywvwnpzegvhihgz¢c,t{´qehix{fMfihgv·¼      s ~?hgz  tHzv
 h#rut|~9xnpvwnyx{z@¼0x{z  x{npv~shgz  hhgz x{fM~svh#rut|f  vwwny´oqehÂt{xRgn  hac,t{´oqeh~9x{npzov  h
r § tH $gvh¼RtHnpzewn´oqehryh f  vwwny´qeh  hvx{qe ryh ~9x{npzov npzovhgwf  nutHnph·¶&x{qs¦hgrut¼x{z s Ãezsnpv
rutryx{zsqehgqs  h
PX
qsvx{qsvhryhf  vwwny´oqeh  h"rutftHzsnydgh4wqsnpº{tHzovhÀ
lM(
−−→
PX) =
∫ 1
0
√
t
−−→
PX M(P + t
−−→
PX )
−−→
PX dt .
²Ç³
0tHwvtHzov  h/zex{vwnyx{ze"npzvwx  qsnpvh'~s    hgfMfihgzv·¼DryhftHnprprutHhit  tH~sv s wnp  hwv/qsz
ftHnprprutHh 0J .  tHzerutf  vwwny´qeh
M
fqszsnyh  h"rut  nywvtHzeh  x{zsz  h'~,tHruthgrutHvwnyx{z ²Ç³F¶
   >  
 Ì?PË > %¾¡ J?©Ï©Ï  C  	 «'tHze}zex{vwhtH~s~sxRceh¼,rutM  z  tHvwnyx{z  h'ftHnprprutHhhgz  n µ
fihgzenyx{z\vwx{ny § hDhgvwqehhgz  hgq¢vhgfM~e7¶&« § tH?x{  ryh#ftHnprprutHh  h#qs¿¨Çt{hhwvMt  tH~sv 
hgz6qsvwnprpnytHzov  hafix  n Ã,·tHvwnyx{zeÅryxR·tHryh !Ø # ¼}~sqsnyaryh¢ftHnprprutHh ºx{rpqsfMny´oqeh t  tH~sv  hwv
x{zevwwqsnpv|hgz.qsvwnprpnytHzov`qsz tHrpx{wnpvwcsfih  hª«"hgrutHqsz,t·.x{zvwtHnpzv !p·# ¶¸¹h`ryx{nygnyhgry  h
ftHnprprutHhqsvwnprpny    tHze"hgvwvh  vwq  hx{zv/ryh4ftHnprpryhgqs  hwqs¿¨t{h! s#%hgv/ryh4ftHnprpryhgqs
ºx{rpqsfMny´oqeh
	 !p# ¼7´oqsnox{zov  v  s ºhgryx{~s~  tHq4hgnpz  q4~sxHwhgv%'tHfMft r §  } ÞÆ8µ
}xo´oqehgzex{qswv·¶
   $ $    
  
¸ § x{¿hgvwn ¨  hÂr § npzovhgw~9x{rutHvwnyx{z  hrut¾x{rpqsvwnyx{zÐhwv·¼ tH~sdt·ºx{npx{svhgzqÐqsz zex{qsºh·tHq
ftHnprprutHh|t  tH~sv  ¼  hhgvwx{qsºhgiryhÂc,tHfM~  hÂx{rpqsvwnyx{zÐwqsihzex{qsºh·tHqÐftHnprprutHhÂ~?x{qs
x{zovwnpzqehg ryh·tHrygqsr¶¥¦x{fMfihryhc,tHfM~  h¦x{rpqsvwnyx{zMz § hwvx{zszq´oqeh  hftHzsnydgh  nygdgvh¼
npr?¨tHqsvhx{qswnp qsz|c  ft D§ npzovhgw~9x{rutHvwnyx{za~?x{qshFRvwtHnphkhgvwvhknpz¨©x{wftHvwnyx{z@¶
« § tH?x{  ¼0x{z¢ryxR·tHrpnyhiryhx{fMfihgvzex{qsºh·tHq¢ftHnprprutHh  tHzer § tHzegnyhgz ftHnprprutHh¼0hgz
n  hgzovwn ÃtHzv"ryh  r  fihgzv/ryh}x{zovhgz,tHzv·¶ }zehtH~s~sxRceh~9xwnpsryh4hwv}~s  hgzv  h  tHze ! G
# ¶
Ä rpryh|x{zewnyvh \h s ~srut{hg  tHzeryh|ftHnprprutHh ²©x{wnyhgzov  ³hgz+qsvwnprpny®tHzvrutªvx{~?x{ryx{nyh  h
hgrpqsn µ gn¼      ryh  r  fihgzv#ºx{nywnpze  h`c,t{´oqeh  r  fihgzv·¶»}z+h s ~srut{h  tHze#r § tHzegnyhgz
ftHnprprutHh"~,tHºx{nywnpz,tHh't Ãez  h/vwx{qsºhgr §Á r  fihgzv8x{zovhgz,tHzvryh"x{fMfihgvhgzqsvwnprpnytHzovqsz
tHrpx{wnpvwcsfih4,t{  wqsryhxRx{  x{zsz  h},tHwRhgzovwwny´qeh·¶
8zeh ¨Çx{ny&rut}ryxR·tHrpnytHvwnyx{zM  x{rpqeh¼HqszMc  ft D§ npzovhgw~9x{rutHvwnyx{z#hwv%qsvwnprpny  ~9x{qshFvwtHnph
r § npz¨Çx{wftHvwnyx{z  qc,tHfM~  h x{rpqsvwnyx{z@¶ /x{qeDqsvwnprpnyx{ze¹ryh c  ft D§ npzvhgw~?x{rutHvwnyx{zMgrut{wny´oqeh
 hvÞo~?h
P 1
·tH'ryhc,tHfM~  hx{rpqsvwnyx{zª´oqsn%hv/npzovhgw~9x{r  z § hwvkx{zszqª´oq § tHqax{fMfihgv
 hwnpfM~sryhFsh  q#ftHnprprutHhi²© § hv¿µ µ  nph'x{zt  h  r  fihgzvÃezsny  h"¸¹tHtHzsh
P 1
³F¶smRx{npv
P
qsz¾~?x{npzv  qÅftHnprprutHhMx{qstHzvhgv
K = [P1, P2, P3, P4]
ryhv  vwt{d  h  qÅftHnprprutHh  h
¨Çx{z  ryhkx{zovhgz,tHzv·¶D»}z s Ãezsnpv
Ki
ryh'v  vwt{d  h4ºonpwvwqehgr@x`x{zathgfM~srut{  ryh'x{fMfihgv
Pi~,tHryhx{fMfihgv
P
~?x{qs
i = 1, 4
hgvx{z\zex{vh
VK
ryhºx{rpqsfih  hir §Á r  fihgzov
K
¶@Æ}ryx{·¼¹ryh
c  ft D§ npzovhgw~9x{rutHvwnyx{z¾hwv  x{zsz  ~,tH@À
u(P ) =
4
∑
i=1
ωi(P )u(Pi) ,
t·ºh
ωi(P ) =
VKi
VK
.
,.-[v, á
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¸ § t  tH~svtHvwnyx{z  hftHnprprutHh hv@qsz,tHzsnpfihgfihgzv%hx{zszqehx{fMfih qszeh tH~s~sxRceh¦h·t{h
~?x{qstHf  rpnyx{hgrutÅ~s  gnywnyx{z  hÂrut¾x{rpqsvwnyx{zÒzqsf  wny´oqeh|hgvM  qsnph`rut¾x{fM~sryhFRnpv | h
·tHrygqsry  tHze ryh·t  h  h wnpfqsrutHvwnyx{ze hgzf  ·tHzsny´qeh  hÉeqsn  h·¶o«/hzex{f4shgqivwtºtHq
²P~,tHhFshgfM~sryh !p#P³4x{zvfMnyhgz  ºRn  hgzehrut`x{zºhgwhgzeh  h#rut°x{rpqsvwnyx{z zqsf  wny´oqehÂtHq
x{qs  q°~sxohwqe D§ t  tH~svtHvwnyx{z  hkftHnprprutHh¶
  tHzsfix{npze·¼  tHzeihgvwvh  vwq  h¼ rut¾npf4qsrutHvwnyx{z  qÒ~sx{srydgfihÂz  hwnpvhÂryhÂx{qs~srutHh
D§Á ´oq,tHvwnyx{ze  h/rutf  ·tHzsny´oqeh  h¦Éeqsn  h8tºh  h  ´oq,tHvwnyx{ze  h/~sx{~,tHtHvwnyx{z@¶ $gfih"wn
hgrpryh~,tHt&yv  ºon  hgzovh¼zex{qe"tHrpryx{ze'tHz,tHrpRhg8rut#x{zºhgwhgzeh  hkrut#wnpz,tHvwqsh  hk~shnyx{z
tHq°x{r¹tHq`x{qs  qÂ~sxRhwqe D§ t  tH~svtHvwnyx{z@¶
}x{qe x{zen s x{ze ryh8moqs~?hg®mRx{zsny¯¦qewnpzeh ±hgv/²msmR¯¦±R³%hgzMºx{r  hgx{nywnydghhgz  npfih
qs~9hgx{zsny´oqeh' ¾t{c
1.8
t·ºh8qszeh/npzegn  hgzeh  h
5◦
hgv kqszeh"tHrpvwnpvwq  h  h
16 720
fidgvwh
²
55 000
¨©hhgv®³F¶o&x{qs¦rut'?x{qegryh D§ t  tH~svtHvwnyx{z@¼Rzex{qetºx{zecex{nywn  h8x{zovw½{ryhg¦r § hgwhgqswqs
rut~shwnyx{z  vtHzov  x{zsz  ´qehryh sqsv&hwv D§ x{svhgzsnp¹qszeh  nyvwwnpsqsvwnyx{z  h~shwnyx{z4~s  gnyh  q
c,tHfM~°~sxRceh'ryx{npz  qÂ~sxHÃer¶ }x{qet·ºx{ze8hDhgvwq  tHqÂvx{vtHr
8
t  tH~svtHvwnyx{ze  h"ftHnprprutHh
vx{qsvh ryh
250
npv  tHvwnyx{ze  h}x{rpºhgqs zoqsf  wny´qeh't·ºhqszeh}~s  gnywnyx{zft npftHryh  h
35
gf
²PrutvtHnprpryh  qamsmR¯±hwv  h
37.5
f#³F¶
Æ8qÃer  h t  tH~svtHvwnyx{ze·¼{rut/x{rpqsvwnyx{zihwv  h ~srpqehgz~srpqe%~s  gnyh¦ryx{npz  h¦r § tºRnyx{zi·tH%ryh
tizehgfihgzov  hftHnprprutHh}x{zv ~sx{~,tH   ryhryx{zs  h x{z  h  hcexR t Ãez  hryh ·tH~svwqshg
~s  gny  fihgzv·¶D%tH"x{ze  ´qehgzov·¼  d/ryh}~shgfMnydghkt  tH~svtHvwnyx{ze'x{zax{svwnyhgzov'qszehx{rpqsvwnyx{z
~s  gnyh~sxRceh  q¾~sxHÃer¼9~,tH'x{zvwhMr § x{svhgzovwnyx{z D§ qszehx{rpqsvwnyx{z¾~s  gnyhryx{npz  q¾~sxHÃer
z  hwnpvh9h·tHqex{qs~Å~srpqe D§ npv  tHvwnyx{ze D§ t  tH~svtHvwnyx{z@¶¹¸@hMb0tHsryh·tHqÒfix{zvwhMr §Á ºx{rpqsvwnyx{z
 h"rutMvtHnprpryh  hftHnprprutHh}tHq|x{qs  q°~sxRhwqe D§ t  tH~svtHvwnyx{z@¶
 r s x{qsryh  hah|´oqsn8~s  d  ha´oqeh`ryh`zex{f4sh D§ t  tH~svtHvwnyx{ze°tªqsz+npfM~,t{gv  nphgv
qsMrut¾~s  nygvwnyx{z  q ,tHzs¢x{zsny´qeh¶ »}z+x{zewvtHvh°hDhgvwnpºhgfihgzv#´oqehÂrut¾wnpz,tHvwqsh  h
~shwnyx{z#tHq#x{r,x{zºhgwh"tHqMÃer  h npv  tHvwnyx{ze D§ t  tH~svtHvwnyx{z@¶rpqe rutkx{rpqsvwnyx{z  qc,tHfM~
~sxRceh"hwv¦~swnyh/~sxRceh  h/r § tºRnyx{z@¼~srpqe rutwnpz,tHvwqsh  h/~shwnyx{zÂtHqÂx{r?x{zºhgwh'ºRnpvh¶
Ä z¢h?hgv·¼Dn x{zªx{zewn  dghirutx{rpqsvwnyx{z  q¢c,tHfM~ª~sxRceh
R/L = 14
¼Dx
L
s wnpzehirut
ryx{zsqehgqs  qmsmR¯±hgv
R
rut  nywvtHzeh}hgzvwh}ryh}msmR¯±hgv rut  x{npvh}wqs rut{´qehgrpryhx{z#  gqs~9dgh
Æ  tH~svtHvwnyx{ze mRx{fMfihgv b  vwt{d  h b@wnutHzsryh
Þv  tHvwnyx{z|
41 137 216 916 20 586
Þv  tHvwnyx{z¢
82 373 474 146 15 892Þv  tHvwnyx{z|
175 680 1 033 570 18 854Þv  tHvwnyx{z|
280 982 1 664 111 21 444
Þv  tHvwnyx{z°j
367 635 2 179 135 23 764
Þv  tHvwnyx{z F
493 755 2 922 301 27 258
Þv  tHvwnyx{z s
579 059 3 418 484 30 692
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rut  nywvwwnpsqsvwnyx{z  h~shwnyx{z@¼?tHryx{
1
t  tH~svtHvwnyx{zÅhwv/z  htHnph~9x{qs"x{zºhgwhg·¼?vtHz  ny
´oqeh
6
t  tH~svtHvwnyx{ze8x{zvz  h®tHnph'~9x{qs
R/L = 1
¼sx{fMfihkr § nprprpqewvwhkrut &npqsh F¶
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¸ §Á vwq  h  h4hk~sx{srydgfihz  hnpvh4qszax{qs~srutHhx|ryh}x{z  npvwnyx{ze"npzsnpvwnutHryh  q|~sxHµ
srydgfih  ha~sx{~,tHtHvwnyx{z x{zv  x{zsz  h~,tHÂrut x{rpqsvwnyx{z.hgqsr  wnyhgzszeh  qc,tHfM~ ~sxoceh¶
¥¦hg~?hgz  tHzv·¼o~?x{qs ´oqehryhx{qs~srutHh/x{npv ºtHrpn  h8hgv ~?x{qs x{svhgzsnp¦qszeh?x{zszeh~s  nygvwnyx{z  q
,tHzs°x{zsny´qeh¼9npr hwv"z  htHnph  hMx{zen s hg'rut#x{rpqsvwnyx{z  qÅc,tHfM~ª~sxRcehMwq®tHfµ
fihgzov"ryx{npz  q¾~sxHÃer0~9x{qs/~shgz  hMhgzax{fM~svhvx{qe/ryh  r  fihgzv  hruti  x{f  vwwnyh°²     
rutx{rpqsvwnyx{z  x{npv$gvwh4t nywRf  vwwny´qeh7³F¶
«"tHzerutÂwqsnpvh¼&zex{qetHrpryx{zeMtHz,tHrphg4r § npfM~,t{gv  q\cex{n   q
R/L
²Çtºh#ryhkf $gfih
zex{vtHvwnyx{ze"´oqeh4~s    hgfMfihgzov®³  qac,tHfM~¾~sxocehqs8rut#wnpz,tHvwqsh  h~shwnyx{zÅtHq¾x{r¶
0x{qskrutwnpfqsrutHvwnyx{z@¼@x{zªx{zewn  dghryh'f $gfih"~,tHtHfidgvwh´qehhgq  hrut#hgvwnyx{zÅ~s  µ
  hgzovhÂhgvix{z qsvwnprpnyhx{fMfihÂx{z  npvwnyx{zÐnpzsnpvwnutHryh  hrut`~sx{~,tHtHvwnyx{zÒrut|x{rpqsvwnyx{z Ãez,tHryh
 q`~sxohqe D§ t  tH~svtHvwnyx{z  h'ftHnprprutHh¶9»}z|~sx{~,tHhkryh8x{z  h  hk~shnyx{z  q`c,tHfM~
~sxRcehtHq`x{rD~?x{qs
R/L
tHrprutHzv  h 1
8

1
vx{qeryh 1
8
¶
»}zx{zevtHvh'´qeh}f $gfih'wn9ryh  n*  hgzovh~sx{~,tHtHvwnyx{zex{zov~sxoceh·¼hFhg~sv  ~?x{qs
R/L = 18
xrut~s  nygvwnyx{z`hwvftHqsºtHnyh¼sx{zÂzeh'x{zºhgwh'~,t{8hgz
R/L
rut¨Çx{ny~9x{qsrut
 qs  h¦hgv0~9x{qs&r § npzvhgzewnpv  h rut8wnpz,tHvwqsh  h ~shwnyx{z@¼ &npqshR¶»}zx{svwnyhgzov·¼HhgzovwhtHqsvwh¼
 h  n*  hgzeh  h"r § x{  h  h
10%
wqsr § npzovhgzewnpv 4 q`cexoknpzsnpvwnutHr¹hgzvwh'ryh}hFRvwhgft¶
monx{z x{zewn  dgh rut+f $gfih wnpfqsrutHvwnyx{ztºh hgvwvh\¨©x{ny¾qszeh npzegn  hgzeh  h
2◦
¼/x{z
x{zevtHvh¼0npqsh5sÒ²©hgz¬c,tHqsv®³F¼¦´qeh|ryh  n*  hgzehÂx{zov#?h·tHqex{qs~¬~srpqenpfM~?x{wvtHzvh
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hgzovwhryh  n*  hgzovhkwnpz,tHvwqsh  h~shwnyx{zªtHqÅx{r²Pnygn¼
R/L
tHrprutHzv  h 1
4
 3
4
vx{qe"ryh
1
8
³F¶ Ä zi~,tHwvwnygqsrpnyhg·¼x{zix{zewvtHvh8´qehryhvwx{nywnydgfih8cexR  qi,tHzskx{zsny´oqeh  nyw~,tHt&yv tHq¨©Ès
hgv #fihwqsh´qehr § x{zÅ §Á ryx{npzeh  q¾~sxHÃer¶ Ä zÅx{qsvwh¼rutx{rpqsvwnyx{z  x{zsz  h~,tH
R/L = 14zeh'hgf4sryhk~,t{8x{whgvh¼szex{vtHfMfihgzv"wqsrut~?xwnpvwnyx{z  q°vwx{nywnydgfih4cexR¶
¥¦h  n*  hgzeh8~?hgqsºhgzv'$gvwh  qeh/tHq`¨ÇtHnpv8´oqehkr § x{zÅtHnpv}x{zen s   ryh4c,tHfM~¾~sxoceh
vwx{~~sd  qM~sxHÃerhgv  x{ze¼´oqehrut'x{rpqsvwnyx{z#hgqsr  wnyhgzszehz § hwv ~,t{ hgzex{h}t RnywRf  vwwny´oqeh¶
¥¦hg~?hgz  tHzv·¼  tHze"ryh  vwq  h  h,tHzs°x{zsny´qeh¼9rut#ºtHryhgqs  h
R/L
hwv"~swnyhhgzÅ  z  tHr
 tHryh 
0.5
¼gnpvx{ze~,tH8hFshgfM~sryh !Y# ¶
8zehatHqsvwh`hF~srpny·tHvwnyx{z  h|hgvwvh°zex{zµ x{zºhgwhgzeh¾~?hgqsv~sx7ºhgzsnp  q ·tHrygqsr  h`rut
x{rpqsvwnyx{z  tHzeryhc,tHfM~ ~sxRcehx\ryhcexox{zvvhgz  tHzeh% $gvwh  n*?qe  ·¶»}qsvwhrut
ºRnyxwnpv  zoqsf  wny´qehnpzovwx  qsnpvhM~,tH'ryhx{rpºhgqs·¼Dx{zÅtHnpv'´oqehrut~sx{~,tHtHvwnyx{z D§ x{z  h  h
cexoqs  h}ryx{zsqeh  nywvtHzehwqs  hftHnprprutHhnyx{vwx{~9hk²Pf $gfihkt  tH~sv  ®³ npzovwx  qsnpv
 hrut  n*9qewnyx{z ²Pzqsf  wny´oqeh7³F¶D%tH'tHnprpryhgqs7¼rut~s  gnywnyx{z  h/cexR  vtHzv"rpn  h rutvtHnprpryh
 hftHnprpryh¼x{ztHnpv ´qeh~srpqe ryhftHnprprutHh}hvxwnyhg ~srpqe hgvwvh  n*?qewnyx{zhwv npfM~?x{wvtHzvh¶
Ä ?hgvwnpºhgfihgzov·¼wnex{ztHz,tHrphryhc,tHfM~#~sxoceh~?x{qsryh  hgqRnydgfihhFshgfM~sryh4²©F¨w¶ 0npqsh s¼
hgzM,t{F³F¼x{zihgftH´oqeh´qehryhvwx{nywnydgfihcexR  nyw~,tHt&yvtHqewne´oq,tHz  x{zi §Á ryx{npzeh  q~sxHµ
Ãer¼hgv hhgz s ~snpv  hr § qsvwnprpnytHvwnyx{z  hr § t  tH~svtHvwnyx{z  hftHnprprutHh¶s¥¦hgvwvh  n*?qewnyx{zhwv tHqewn
ºRnywnpsryhwqs"ryh"ftHnprprutHh4t  tH~sv  kx{svhgzoqe#²©F¨w¶ &npqshÂ7³F¶ Ä zªhDhgv·¼  tHze'hgvwvhMwnpfqµ
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rutHvwnyx{z@¼eryh"ftHnprprutHhkhwv  h"~s  gnywnyx{z°ft npftHryh²      rutvtHnprpryhkhwvfMnpzsnpftHryh7³ryh"ryx{zs  h
rpnpzeh  h"cexo¦¿qe´oq § 
R/L = 58
¼R~sqsnyx{zÂx{zewvtHvh'´qeh/rutvtHnprpryh  h/ftHnprprutHh4tHqsfihgzvh
tHq°¨PÈs/hgv Mfihwqsh4´qeh4r § x{z| §Á ryx{npzeh  h'r § tºRnyx{z@¼h´qsn0t{hgzvwqehrut  n*?qewnyx{z@¶e0x{qs}
hgf  nyhg·¼?r § qsvwnprpny®tHvwnyx{z  hr § t  tH~svtHvwnyx{z  hftHnprprutHhitHzsnyx{vwx{~?hhgf4sryhz  htHnph¶@»}z
®tHnpv´q § hgrpryh'~?hgwfihgv  h"~sx{~,tHhg}9h·tHqex{qs~°~srpqeryx{npz°ryh~sc  zex{fidgzeh}~scwny´qeh8hgzÂ  µ
 qsny®tHzvkx{zewn s tHsryhgfihgzov4rut  n*9qenyx{z ²Pzoqsf  wny´qeh7³"{h #rut#~swnyhhgzÅx{fM~svh  hrut
 nphgvwnyx{z  q°~sc  zex{fidgzehk~scoRwny´oqeh  tHzeryhkftHnprprutHh¶
Ä z¢x{zegrpqewnyx{z@¼&ryh  n*  hgzeh4x{svhgzoqeh~?x{qswtHnyhgzv $gvwh  qehtHqÅ¨ÇtHnpv´qehMrutÂ~sxHµ
~,tHtHvwnyx{z  hx{z  h  tHzer § tHvwfix~scedghhv4fix s rpny  h  h#ftHzsnydgh  n*  hgzovhhgzvwhryh
c,tHfM~¾~sxocehMhgv}ryhc,tHfM~Åryx{npzovtHnpz@¼?rutwnpfqsrutHvwnyx{z  qÅc,tHfM~¾~sxocehMttHzv'vhgz  tHzeh
`npzvwx  qsnph  h#rut  n*?qewnyx{z tHryx{M´qeh#rut°~sx{~,tHtHvwnyx{z vhgz  |tHn  npryh~sc  zex{fidgzeh
~scoRny´qeh4²P~,tH}hFhgfM~sryh¼s~,tH8rutg  tHvwnyx{z  h'cexR7³F¶
0tH8x{ze  ´qehgzov·¼enpr@hwvz  h®tHnph  h'x{zewn s hgqsz
R/L
qtHfMfihgzv}tHz  ~9x{qs
 ºRnpvhgqszeh|ftHqsºtHnyha~s  nygvwnyx{z  q¬,tHzs x{zsny´qeh¼¦x{fMfiha~9x{qs
R/L = 18
 tHzeryh
~shgfMnyhghFshgfM~sryh|²©F¨w¶ 0npqsh³F¶ Ä z x{qsvwh¼@vtHzv´oqehir § x{z z § qsvwnprpnyhi~,t{  h4ftHnprprutHh
tHzsnyx{vwx{~9h'x{q  h"ftHnprprutHh~srpqe}Ãeze ~9x{qs"  qsnphrut  n*9qenyx{z  tHze"ryh·tHrygqsr  hrut
x{rpqsvwnyx{z  qÂc,tHfM~~sxRceh¼Rnpr?hwv npfM~?x{wvtHzv  h}zeh}~,t{¦x{zen s hg¦rutx{rpqsvwnyx{zvwx{~ryx{npz
 q|~sxHÃer&~?x{qs"´q § hgrpryhx{npv}hgzex{hhg~s  hgzovtHvwnpºh  hkr §Á x{qsryhgfihgzv·¶D« § tH~sd"hgvwvhtHz,t µ
rph¼npr¹hgf4sryhktHnyx{zsz,tHsryh  hkx{zewn s hg/x{fMfih4x{z  npvwnyx{z|npzsnpvwnutHryh  h'rut~sx{~,tHtHvwnyx{z
rutx{rpqsvwnyx{z  qÅc,tHfM~ª~s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«"tHzehgvwvh°hgvwnyx{z@¼zex{qe~sx{~9xx{zeiqszehÂ~,tHtHf  vwwnytHvwnyx{z  hrut s ¨©x{wftHvwnyx{z  q
zehg­  q°msmR¯¦±hgz  npfihgzewnyx{zvwx{ny·¶ /x{qe ~s  hgzvx{ze D§ tH?x{ # hgq s ¨©x{wftHvwnyx{ze  qzehg­
qsnpº{tHzov'ryh~srutHz
xOz
¼9~sqsny"qszeh s ¨©x{wftHvwnyx{zªqsnpº{tHzov'ryh~srutHz
yOz
¶?¸¹t s ¨Çx{wftHvwnyx{zªhgz
 npfihgze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	 ¸¹t|hgqsryhx{zovwtHnpzvhnpfM~?x  hhv´oqehiruti¿x{zegvwnyx{z hgzvwh
rut\~,tHwvwnyhaÃssh  q zehg­ªhgvrut\~,tHwvwnyh s ¨Çx{wf  hÅx{npv
C1
¶rpqe~s  gny  fihgzov·¼x{npv
δ
qszeh
s ¨Çx{wftHvwnyx{z D§ x{  h  hgqÂhgzÂqszeh  npfihgzewnyx{z`wqsnpºtHzvr § t sh  h
Ox
¶,mRx{nyhgzv
x
qsz°~?x{npzv
 h}rut~,tHwvwnyh s ¨©x{wftHsryh"hgv
xmax
r § tHegnyh}rpnpfMnpvhi²Pft RnpftHryh7³ hgzvwh"rut4~,tHwvwnyh}Ãsh/hgv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~,tHwvwnyh s ¨©x{wftHsryh¶Æ8ryx{·¼rut s ¨Çx{wftHvwnyx{z
δ
º  wn Ã,hÀ



δ(x) = α x2 + β x + γ ,
δ(xmax) = 0 ,
δ′(xmax) = 0 .
%tHn  hgzovwn Ã,·tHvwnyx{z@¼x{z°vwx{qsºhknpfMf  nutHvhgfihgzv@À
δ(x) = α (xmax − x)
2 .
²F³
¥¦hgvwvh s ¨©x{wftHvwnyx{z s ~?hgz ªD§ qsz¢hgqsr~,tHtHfidgvwh
α
¶&»}z¢~9hgqsv"¨t{gnpryhgfihgzvknpfM~?xhg  h
x{zovwtHnpzvhwqskrut  x{f  vwwnyh#hgzª9x{wz,tHzov
α
¶D0tHhFhgfM~sryh¼@n x{zªºhgqsv  vwnphgkrut~,tHwvwnyh
s ¨Çx{wftHsryh  tHzerut  nphgvwnyx{z
x
®tHzei´q § hgrpryh` § tHtHz  nyh  hÂ~srpqe  h
50   tHryx{·¼hgzzex{vtHzov
x0
ryhk~9x{npzovryh"~srpqe s ¨Çx{wf  ¼
α
 x{npv8º  wn Ã,hg@À
δ(x0) = α (xmax − x0)
2 ≤
1
2
|xmax − x0| ⇐⇒ α ≤
1
2 (xmax − x0)
.
« § tH~sd¦h8´oqsne~s  d  h¼ozex{qe ~sx{~?xx{ze qszeh~,tHtHf  vwwnytHvwnyx{zhgz  hgq  npfihgzewnyx{ze7¼
qsnpº{tHzov
xOz
¼?´oqsn0~?hgwfihgv D§Á vwnphg²©wqsnpºtHzvkr § t sh  h
x
³}hgv  h·tHf4shg#²©qsnpº{tHzovkr § t h
 h
z
³4ryh#zehg­  qÒmsmR¯±e¶ »}z wqs~s~?xh#´oqeh#ryhmsmR¯±ªh  npwnph  tHzerut  nphgvwnyx{z  h
xz  tHvwn ¨Çi²Prut~?x{npzvh  hr § tºRnyx{z
x0
hwv #r § x{wnpnpzehihgv'ryhhwvh  hr § t·ºonyx{zªhvwx{qsºh  tHze
ryh
x
~?xwnpvwn ¨©F³F¶ mRx{npv
xmax
r § tHegnyh  hÂrutwx{zegvwnyx{zÒhgzovwh°rut¾~,tHwvwnyhÃssh°hgvirutÅ~,tHwvwnyh
s ¨Çx{wftHsryh  q°zehg­¼tHryx{x{z|trut~,tHtHf  vwwnytHvwnyx{zawqsnpºtHzvhÀ
{
xnew = xold + αx (xmax − xold)
2
+ ,
znew = zold + αz (xmax − xold)
2
+ ,
t·ºh8rutkzex{vtHvwnyx{z
(x)+ = max(x, 0)
¶¸¹t 0npqsh G4fix{zvwh¼RwqsnpºtHzv¦ryh8~srutHz
xOz
¼orutkx{fµ
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h ryh ~s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hgv¹ryh&~sxHÃery  	-   x{svhgzoqetºh¦hgvwvh ~,tHtHf  vwwnytHvwnyx{z
~?x{qsryhºtHryhgqsfMnpzsnpftHryhkhgv8ft RnpftHryh  h
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	moqsnpºtHzv¦r § tH~s~sxoceh8~s    hgzovh¼zex{qe s Ãezsnyx{ze qszeh s µ
¨Çx{wftHvwnyx{zªwqsnpºtHzv'ryhkt sh
y
hgv
z
´oqsn0~?hgwfihgv  hM·tHf4shgkryh~sxHÃer8²©wqsnpºtHzv'r § t sh
y
³F¶
¥¦hg~?hgz  tHzv·¼R~?x{qs hgvwvh s ¨©x{wftHvwnyx{zrutx{zvwnpzqsnpv 
C1
 x{npv$gvwh~s  hgwº  h'4rut"¨Çx{ny ~?x{qs
rut'¿x{zegvwnyx{za~?x{qs}r § tHegnyhkft npftHryh
xmax
hgv/~9x{qs}rut'wx{zegvwnyx{zahgz
y = 0
t Ãez  hk~s  µ
hgwºhg}rutwRf  vwwnyh  hr § t·ºonyx{zÐ²Pqsz  hgfMn µÞtºRnyx{z  tHze}ryh  hgfMn µ hw~,t{h
y ≥ 0
hv  vwq  n  ³F¶
%tHwvtHzv  hkhx{zovwtHnpzvh·¼rut~,tHtHf  vwwnytHvwnyx{z¾hwv s Ãezsnyh'~,tH@À
znew = zold + βz y
2
old (xmax − xold)
2
+ (xold − x0) ,t·ºhÅryhzex{vtHvwnyx{ze  x{zsz  h°qsrpv  wnyhgqshgfihgzv·¶/¸¹t 0npqshÐ· fix{zvwh¼qsnpº{tHzovÂryh¾~srutHz
yOz
¼Drutx{fM~,tHtHnyx{z hgzovwhiryhM~sxHÃer npzsnpvwnutHr¦hgvkryhk~sxHÃery  	/ 6 x{svhgzoqet·ºhhgvwvh
~,tHtHf  vwwny®tHvwnyx{z`~?x{qsryhºtHryhgqsfMnpzsnpftHryh4hgvft npftHryh  h
βz
²   x{npvh7³F¶
Ä z¨ÇtHnytHzovr § qszsnyx{z  h"h¦vwx{ny~,tHtHf  vwwnytHvwnyx{ze·¼zex{qex{svhgzex{zeqszeh/~,tHtHf  vwwnyt µ
vwnyx{zªhgz¾vwx{ny  npfihgzenyx{ze  qÅzehg­  q\msmR¯¦±`´qsn s ~?hgz Å h
3
~,tHtHfidgvwh7¶ }x{qektHrpryx{ze
tHnpzen s Ãezsnp¹qszhw~,t{h  h x{zovw½{ryh  tHze
R
3  r § tHn  h  h h@vwx{ny&~,tHtHfidgvwh0´qsn  x{zszehgtvx{qeryh~sxHÃery}t  fMnynpsryh·¶
&x{qs  ºRnpvhg'ryh'~sx{srydgfih  hftHnprprutHhMryx{  hrut s ¨Çx{wftHvwnyx{z  qÅ~sxHÃer}²  r  fihgzv
´oqsn&hkhgvx{qswzeh¼9gx{nyhgfihgzv D§ tH $gvh®³F¼9rutMfix  n Ã,·tHvwnyx{z  q`zehg­h'¨tHnpv}qs8qsz`ftHnprprutHh
  x{f  vwwny´oqeh  hrutwqs¿¨t{h¼ 0npqshÂ¶D¸¹tÂqs¿¨Çt{hMhwvkhgzeqsnpvhhgftHnprpr  hi~?x{qskx{svhgzsnp
qsz\ftHnprprutHh#qs¿¨Çt{gny´oqeh  h#·tHrygqsr  q\zex{qsºh·tHq\~sxHÃer¼&~sqsny4ryhftHnprprutHhºx{rpqsfMny´oqehhwv
  z    ¶
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~sx{srydgfih
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r § tHz,tHrph  hir § npfM~,t{gv  hkfix  n Ã,·tHvwnyx{ze  qªzehg­  qÂwhgv4wqs'ryhxohgnyhgzovt  x  Rz,t µ
fMny´oqehkhgv4qskryhM,tHzs`x{zsny´oqeh¼Dzex{qe4~9x{qswx{zov s Ãezsnpkqszª~sxHÃer¦x{~svwnpftHr ºRny¿µ µºRny  h
hgvwvh¨©x{zegvwnyx{zx{Èsv¦t Ãez  h¨ÇtHnphqszeh  vwq  h8x{fM~,tHtHvwnpºh/wqs~s~sr  fihgzovtHnph/hgzovwh8ryh~sxHÃer
npzsnpvwnutHr&hgvryh'~sxHÃer¹x{~svwnpftHr¶
}x{qe~s  hgzovx{ze D§ tH9x{  rutª¨Çx{zegvwnyx{zszehgrpryh¢t{xRgn  hatHq¬,tHzs x{zsny´oqeh¾hgvhgzeqsnpvh
qszeh/¨Çx{zegvwnyx{zszehgrpryht{xogn  h'tHq`c,tHfM~°~sxRcehk´oqsn¹t  v  ~sx{~9x  h  tHze !p9s# ¶sqsny·¼ezex{qe
 x{zszex{ze0rut¨©x{zegvwnyx{zMx{Èsv0ryx{,tHryh´qsnR~shgz  hgzMx{fM~svh ryh%x{zvwtHnpzvh t  x  Rz,tHfMny´qeh
hgvrutix{zvwtHnpzvht{x{qewvwny´oqeh¶
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}x{qenpz  ny´oqex{ze  tHzehgvwvh~,tHwvwnyhryh  hgqª¨©x{zegvwnyx{zszehgrpryhit{xogn  hMtHq ,tHzsÅxHµ
zsny´oqeh¶ ¸@h|x{zvw½{ryh  hÂrut  nywvwwnpsqsvwnyx{z  hÂ~shwnyx{z tHqÒx{r8h¨tHnpvhgzÐfMnpzsnpfMny®tHzvh
¨Çx{zegvwnyx{zex{Èsv·¶
¸¹t~shgfMnydgh
Bmin
fihwqshMr § t{gqsfqsrutHvwnyx{z  htHqsv  hM~shwnyx{z\tHq¢x{r¶¹mRx{z¢sqsv
hv  h"  qsnph4htHqsv7¶ Ä rpryhkhwv  x{zsz  h4~,tH@À
Bmin =
(
I(pg) − aI(p
0
g)
I(p0g)
)2
,
x
I =
∫
x{r |∆pg| dγ , ²³
t·ºh
0 < a < 1
hgv
pg
rut|wnpz,tHvwqsh  hirut`~shwnyx{z tHq x{r¦x¢r § npz  nyh
0
npz  ny´oqeh#hgrpryh
t{xogn  hktHq|~sxHÃer@npzsnpvwnutHr¶9»}z|zeh'~?hgqsv~,t{~shgz  h
a = 0
·tH8ryh',tHzsx{zsny´qeh'zeh4~9hgqsv
~,t{$gvwhkx{fM~srydgvhgfihgzv"wqs~s~swnpf  ¶
,.-[v, á
 	
  !"$#%&
 ' 
(
*),+-
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*
 021/ 33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35&*61'1798&!
 
¸¹t  hgqnydgfih
Binv
hwv  x{zsz  hk~,tH@À
Binv = α
∫
x{r (pg − ptargetg )2 dγ + β
∫
x{r (pg − ptargetg )δ dγ ,
²s³
t·ºh
0 < δ < 1
¼
α > 0
¼
β > 0
hgv
α + β = 1
¶»}z+tÅzex{v 
ptargetg
rut  nywvwwnpsqsvwnyx{z
 h~shnyx{z¢tHqªx{rgnpsryh~shgwnpvh~,tH'r § qsvwnprpnytHvhgqs·¶ Ä zÅfMnpzsnpfMny®tHzv
Binv
rutnpz,tHvwqsh
 h~shwnyx{z\tHqªx{r gnpsryhihv'  tHrpny  h¼@hgrpryhM´oqsn tryhM~srpqe'~?hgvwnpv',tHzs`x{zsny´oqeh¶D«"tHze4rut
s Ãezsnpvwnyx{z  h
Binv
¼rut'hx{z  hnpzov  tHryh~?hgwfihgv D§Á ºRnpvhg ´oqehrut"¨Çx{zegvwnyx{zszehgrpryh8x{npv ~srutHvh
²©x{zevtHzvh7³}~sd  q¾fMnpzsnpf4qsf°¶
δ
hwvktHqewn0qsza~,tHtHfidgvwh D§ x{~svwnpfMny®tHvwnyx{z@¼Dnpr  x{npv'$gvwh
cex{nywn0~,tH}r § qsvwnprpnytHvhgqs·¶?«'tHze/hkvwtºtHnpr¼9zex{qe/t·ºx{ze"x{zewn s  
δ = 0.3
¶?¸ § npfM~?x{wvtHzeh
 h"vhgrpryh¨©x{zegvwnyx{zszehgrpryh/t  v ' vwq  n  h4qsqsz°~sx{srydgfih'fix  dgryh  tHze ! je¼Dgj #
 o¡  
nD@ O 	 <  ,1  d"9 117
Binv
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¸@hsqsv  hhgvwvhi¨Çx{zegvwnyx{z x{Èsvhwv  hhgtH  hgMwn qszehtHz,tHrph  q c,tHfM~ ~sxoceh
~?hgwfihgv  h~s  nph8qszeh  qegvwnyx{z  qi,tHzsx{zsny´oqehtHze tºx{np hx{qs"rut"~sx{~,tHtHvwnyx{z
 q°c,tHfM~  h'~shwnyx{z`tHq`x{r¶
}x{qe8hg~shgzex{ze}r § n s h4~sx{~9x  h  tHze !p9s
# ¶9»}zawqs~s~9xhk´qeh4rutMx{qsh  h'rutinpz,t µ
vwqsh  h'~shwnyx{z|tHq|x{r¹hwvrut¨Çx{wfih  h}cexR  tHzeryh4c,tHfM~at  x  Rz,tHfMny´qeh4~sxoceh
²ÇtH~s~?hgr  h   fMnywnyx{z  q|,tHzsx{zsny´qeh'ºhg}ryhk,t{ 9¼9mR¯« Ä ³F¶,«/x{zehgz°  qsnytHzov"ryhgqs
¨Çx{wfih·¼rut¾npz,tHvwqsh  hÂ~shnyx{z+tHqÒx{r  hgºRtHnpv($gvwh`tHqen  qsnpvh¶¦»}zÒ´oq,tHzvwn Ã,h`rut
mR¯« Ä x{fMfih/rut'zex{wfih  q#t  nyhgzov  h8rut4~shwnyx{ztHq·tHw  npzv    h"wqs qsz Þ x{ftHnpzeh
 h#x{zvw½{ryh  wnpvwq  x{qer § tºRnyx{z@¶0¸@h Þ x{ftHnpzeh  hx{zvw½{ryh  z § hwvwnyhgz D§ tHqsvwh´oq § qszeh
~,tHwvwnyh  q  x{ftHnpzeh  hk·tHrygqsr¹hgzÂf  ·tHzsny´oqeh  hÉeqsn  h·¶»}z|t  x{zeÀ
Bnf =
∫
ΩB
|∇p|2 dV ,
²G³
x
p
hvrut`~shwnyx{z hgv
ΩB
hwv4qszeh~,tHwvwnyh  q  x{ftHnpzeh  h·tHrygqsrhgz\f  ·tHzsny´oqeh  h
Éeqsn  h}wnpvwq  h'x{qer § t·ºonyx{z@¶9mon¹x{zÂzex{vh
L
rutryx{zsqehgqs  h'r § tºRnyx{z@¼szex{qe}t·ºx{ze8x{zewn s  
 tHze}h'vwtºtHnprÀ
ΩB = [−L/8, 4L] × [0, L/2] × [−L,−L/4]
¼t{c,tHzov/´oqeh'rut~?x{npzvh  q
zehg­  hkr § tºRnyx{z`hwvhgz°r § x{wnpnpzeh  h
R
3 ¶
       $     !
 
«"tHze hvwt·º{tHnpr¼ozex{qe s wnpx{ze  ºtHrpqehg r § npfM~,t{gv  h fix  n Ã,·tHvwnyx{ze  q#zehg­  qÂmsmR¯¦±
`rut`¨©x{nywqsryhxRhgnyhgzvt  x  oz,tHfMny´oqeh@À%rut|~?x{wvtHzehhgvrut|vwt&yz  h¼hgvMwqsqszeh
x{zovwtHnpzvhMt{x{qewvwny´oqehÀ,ryh,tHzs#x{zsny´qeh¶}x{qe}cehgcex{zektHqewn  s Ãezsnp}qszeh4¨Çx{zegvwnyx{z
 àFÓeç'Õç
F×ØÕÖ 'oÙ ·íFç ÖØß%ê9ííFÔ
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@ç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Û Ý '¹Ó,ÔÖ ' 'ÇÖYíFç à
vv çwJx!y x!z
F   17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  #  
		63
x{Èsv´oqsnD~shgz  hgz°x{fM~svhkh8x{zvwtHnpzvh}~?x{qs~9x{qsºx{np²Pvwx{qsºhg®³´q,tHrpn Ã,hg D§ x{~svwnpftHr
r § qsz  h~sxHÃery·¶
vtHzv  x{zsz  ´oqehrut|fix  n Ã,·tHvwnyx{z  q ~sxHÃerhwv¨tHnpvhhgz ~s  µvwtHnpvhgfihgzova²©F¨w¶ mRhFµ
vwnyx{z	F³F¼7ryh¹~,tHtHf  vwwnytHvwnyx{zex{zewn s   h%x{zov&vhgrpryh0´qeh vx{qsvh¹ryh&  x{f  vwwnyh%x{svhgzqeh
x{zv/t  fMnywnpsryh·¶  r&z § `t  x{zetHqegqszehx{zovwtHnpzvh  x{f  vwwny´oqeh  tHze}zex{vwh s Ãezsnpvwnyx{z
 hrut¨©x{zegvwnyx{z¢x{Èsv·¶¹¸¹tÂx{zvwtHnpzovht{x{qevwny´qeh  qÅ,tHzs`x{zsny´oqehihwv'~swnyhihgz\x{fM~svh
x{npv/~,tH"ryh  hgq|¨©x{zegvwnyx{zszehgrpryh
Bmin
hgv
Binv
¼?x{npv"~,tH'rut¨©x{zegvwnyx{zszehgrpryh
Bnf
¶?¸@hsqsv
hv/snyhgzÅwÈs  hfMnpzsnpfMnyhg'ryh,tHzs°x{zsny´oqeh¶?&x{qs4ryh/x{zovwtHnpzvht  x  Rz,tHfMny´oqeh·¼?ryh
~sx{srydgfih4x{zewn s   hwvrut  qegvwnyx{z  h'rutvwt&yz  h
Cd
qszehk~9x{wvtHzeh
Cl
 x{zsz  h¶
¸¹t¨Çx{zegvwnyx{z`x{Èsv8´oqeh"zex{qex{zewn  dgx{ze8hvrutwqsnpºtHzvhÀ
J(x) = |Cd − C
target
d | + (C
0
l − Cl)+ + B(x) ,
²¿·³
t·ºhÂrut¾zex{vtHvwnyx{z
(x)+ = max (0 , x)
hgvMr § npz  nyh
0
´oqsnnpz  ny´qeh°ryhMº{tHryhgqs#t{xogn  h
tHq\~sxHÃer npzsnpvwnutHr¶0¸¹tÂºtHwnutHsryh
Ctargetd
hwv4ryhxRhgnyhgzv  hivwt&yz  h#gnpsr  ´oqsn hwv s Ãezsn
~,tH/~  z,tHrpnytHvwnyx{z
Ctargetd = αC
0
d
¼9tºh
0 < α < 1
¶9«'tHze}hvwtºtHnpr¼,zex{qe't·ºx{ze/cex{nywn
α = 0.8
¼R § hv¿µ µ  nph}qsz#tHnpz  h
20   qs rutkvwt&yz  h/x{fMfih/x{whgvwn ¨¿¶R¸¹tk¨©x{zegvwnyx{z B(x)hg~s  hgzvhx{npv
Bmin
 x{zsz  h4~,tHi²³F¼9x{npv
Binv
 x{zsz  h~,tHi²s³x{qasnyhgz|qszeh4¨Çx{zegvwnyx{z
 h  hgq?¼shgrpryh"~?hgwfihgv  h'x{zvw½{ryhg}rutwnpz,tHvwqsh  h"~shnyx{z`tHq°x{r¶,monpzex{z@¼srut¨Çx{zegvwnyx{z
B(x)
~?hgqsv $gvwh'hg~s  hgzov  hk~,tH
Bnf
 x{zsz  hk~,tHruti8hgrutHvwnyx{z\²G³¦wn@x{z s wnphktHz,tHrpRhg
ryh'c,tHfM~`~sxRceh¶
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¥¦hgvwvhhgvwnyx{za~s  hgzovh4rutif  vwcex  h D§ x{vw~snpfMnytHvwnyx{zÅwnpfM~srpn Ã  hhgzºRnytH  h~9x{qs"tHz,t µ
rphgMr § npfM~,t{gv  qÒzehg­  q+msmR¯±¢wqsMryhixRhgnyhgzvt  x  oz,tHfMny´oqehhgviwqsryh,tHzs
x{zsny´qeh¶s¸¹tvwtHv  nyh'hgfM~sryx·  hkhwvqszeh'x{~svwnpfMny®tHvwnyx{z  u
    !  h/¨ÇtHnpsryh  npfihgzenyx{z
,t{  hqs/ryh'qs¿¨Çt{h  h  ~?x{zeh´qsn%zeh¨tHnpv"~,t{"npzvhgwºhgzsnpkryhM·tHrygqsr  q¾t  nyhgzv  h
rut°¨Çx{zegvwnyx{z x{Èsv·¶0Æ}~sdqsz  c,tHzovwnprpryx{zsz,tHh  h#r § hw~,t{h  h#x{zovw½{ryh¼hgvwvhtH~s~sxRceh
x{zenywvh x{zewvwwqsnph}rut4wqs¿¨t{h  h}  ~?x{zeh}t{xogn  hkrut'¨©x{zegvwnyx{zx{Èsv¦hgv D§ hgz s qsnph
ryh 	J_ ryx{,tHr¶
rpqe"~s  gny  fihgzv·¼?r § h~,t{h  hx{zovw½{ryh  h4rut#~,tHtHf  vwwnytHvwnyx{z  qazehg­Mhwv D§ tH?x{ 
 c,tHzvwnprpryx{zsz  ¶Æ8qsvwhgfihgzov  npv·¼sx{zÂtqszzex{qsºh·tHqÂ~sxHÃer  qzehg­  q°msmR¯±e¼   qszfix  hFµ
ryhgqs·¼?~?x{qskc,t{´oqehvwwnp~sryhgv
(αx, αz , βz)
 hr § h~,t{h  hMx{zvw½{ryh¶¹0x{qs4c,t{´qehzex{qsºh·tHq
~sxHÃer¼,qszeh4wnpfqsrutHvwnyx{z  hkr §Á x{qsryhgfihgzv  tHze8ryh4c,tHfM~a~sxRceh  hkr § tºRnyx{z|hv}hDhgvwq  h
qs#rut\~srutHvhFµÇ¨Çx{wfihªt  tH~svtHvwnpºh¶&x{qs°c,t{´qeh  c,tHzvwnprpryx{z@¼ryhxRhgnyhgzv`t  x  Rz,t µ
fMny´oqeh"hgv"rut  nywvwwnpsqsvwnyx{z  h~shnyx{z  qÅc,tHfM~Å~sxRcehx{zovktHnpzewnx{svhgzqe·¶ Ä zeqsnpvh¼
ryhk~9hgwvwqsw,tHvwnyx{ze  hM~shwnyx{z  q¢c,tHfM~\~sxocehx{zovk~sx{~,tH  htHq¢x{r ~9x{qsx{svhgzsnp
rutiwnpz,tHvwqsh  h'~shnyx{z  q°~sxHÃer¶e¸@hk,tHzs#x{zsny´oqehkt{xRgn  tHq°~sxHÃer¹hv8tHryx{8x{zszq@¶
  h}wvt  h¼or § npfM~,t{gv  h}rut4fix  n Ã,·tHvwnyx{z  qzehg­/wqs¦ryhxohgnyhgzov8t  x  oz,tHfMny´oqehhgv
qsryh~9hg¿¨Çx{wftHzeh}t{x{qevwny´qeh8~9hgqsv $gvwh4tHz,tHrp  ¶
,.-[v, á
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Ä zewqsnpvh¼R~9x{qsc,t{´oqeh/vwwnp~sryhgv rutk¨Çx{zegvwnyx{zx{Èsv  x{zsz  h}~,tHrut4}hgrutHvwnyx{z¾²¿·³ hwv¦·tHr µ
gqsr  h¼{h´oqsno~?hgwfihgv  h¦x{zevwwqsnphr § cR~9hgwqs¿¨t{h  h¦  ~9x{zeh  h
R
4 ´qsnhwv s Ãezsnyh¦~,tH@À
Σ = (αx, αz, βz , J(αx, αz, βz))
¶ Ä z°tHz,tHrptHzvhgvwvh"wqs¿¨t{h¼ox{zÂhgz s qsnpvryh 	J_
ryx{,tHr¹~9x{qshgvwvh"¨Çx{zegvwnyx{z`x{Èsv·¶
 o¡ 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x{srydgfih D§ x{~svwnpfMnytHvwnyx{z@¶ Ä rpryh  x{zszehhgzovw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¨Çx{zegvwnyx{z
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«"tHzehgvwvh°hgvwnyx{z@¼zex{qetHrpryx{zetHz,tHrpRhgir § npfM~,t{gv  hifix  n Ã,·tHvwnyx{ze  qÒzehg­  q
msmR¯±Mwqsrutwnpz,tHvwqsh  h/~shwnyx{z`tHqÂx{r  h"r § tºRnyx{z@¶ /x{qetHrpryx{ze7¼shgz~,tHwvwnygqsrpnyhg·¼ezex{qe
npzov  hhg}tHq
Bispr
¶
¸¹t wnpz,tHvwqsh  h|~shwnyx{z.tHq¬x{r/hwvx{svhgzqehÅhgz¬~sx{~,tHh·tHzov°rut  nywvwwnpsqsvwnyx{z  h
~shwnyx{z  q¬c,tHfM~¬~sxRcehax{svhgzqeh 
R/L = 12
¶ 0x{qsryh°~sxHÃer/npzsnpvwnutHr¼x{z+x{svwnyhgzv
Bispr = 83.3
%t{·tHrhgv4~?x{qsryh#~sxHÃerx{~svwnpftHr  h#rut`hgvwnyx{z¢~s    hgzvhÂx{z vwx{qsºh
Bispr = 83
%t{·tHr¶,¸¹h'tHnpz`x{svhgzq|hwvnpz¨  wnyhgqs 
0.4   
Ä zÂx{qsvwh¼oryh/~sxHÃerDfMnpzsnpfMnytHzov
Bispr
²©´oqsn?fMnpzsnpfMnyh'tHqewn?rut'¨Çx{zegvwnyx{z°x{Èsvt{xRgn  h
tHqÂ,tHzsix{zsny´qeh  x{zsz  h'~,tHrut}hgrutHvwnyx{z¢²s³w³ z § hwv~,t{ryh"~sxHÃer@x{~svwnpftHr  h"ruthgvwnyx{z
~s    hgzovh¶0x{qs h~sxHÃer¼Hx{zix{svwnyhgzov
Bispr = 82.6
0t{·tHr¼ § hwv¿µ µ  nphqszeh¦  qegvwnyx{z
 h4hgqsryhgfihgzv
0.9   ¶9&x{qs/hk´oqsn¹hwv  h}xohgnyhgzov/t  x  oz,tHfMny´oqeh·¼h'~sxHÃer¹  qsnpvrut4vwt&yz  h  h
1.3   ftHny¦  qsnpvtHqewn9rut4~?x{wvtHzeh  h 0.85   ¶ Þr9hwv¦npzv  htHzv  h}zex{vhg´oqehh4~sxHÃer%´qsn0fMnpzsnpfMnyh
Bispr
  qsnpv"r § npzvhgzenpv  qÅcexo~sx·ºhgz,tHzov  q|zehg­ftHny/npr
~s  hgwºhtHqewn¹rutM  ~,tHtHvwnyx{z|hgzovwh4ryh4cexR  hkzehg­hgv8ryhkcexo  h'ºx{nprpqsh4x{zovwtHnphgfihgzv
tHqÂ~sxHÃer&x{~svwnpftHr  h"ruthgvwnyx{z°~s    hgzovh¼0npqsh4¶,»}zÂhgftH´oqehk´qeh"rut  qegvwnyx{z
 h
Bispr
x{z  qsnpvMtHrpryx{zshg·¼ehgryhgºhg8hgv}tizehg8ryh"zehg­  h'r § tºRnyx{z@¶
Ä z x{zegrpqewnyx{z@¼0ryhnpz,tHvwqsh  h~shnyx{z tHq x{r  h  n*  hgzv~sxHÃery°²Çt·ºh  h
s ¨Çx{wftHvwnyx{zetHnyx{zsz,tHsryh®³ºtHwnyhgzvvwd~9hgq@¶
¸@h  wqsrpvtHv x{svhgzoqe  § hF~srpny´oqehgzv ~,tHrut/~scoRwny´oqeh  qM~sc  zex{fidgzeh  h~sx{~,tHtHvwnyx{z@¼
x{zatHnpv}´oqeh'~srpqe}r § npzvhgzewnpv D§ qszacexRhwv8npfM~9x{wvtHzovh~srpqe/tºRnpvhhhwv8tHz  h¶9%tH
x{ze  ´qehgzov·¼ ryhcexRryh~srpqe¨Çx{wv¾²Pnpzvhgzeh®³tHvwvwtH~?hgzvryhcexR~srpqe¨tHnpsryhhgv
¨©qewnyx{zszehgzov8tºh'hgqD¼stHze¦~9x{qs8tHqsvtHzov´q § nprD#tHnpvqszeh'tHqsfihgzovtHvwnyx{z  h"r § npzvhgzenpv ' q
cexo¶¹»}·¼  tHze"r §Á x{qsryhgfihgzov  vwq  n  ¼Dx{zªx{zewvtHvh°²©F¨w¶ 0npqshÂ·³/´qehryhMcexR  È rut
ºx{nprpqsh  q msmR¯±`hwvk~srpqeknpzvhgzeh#´qehMhgrpqsn  È¢tHqªzehg­¶&¥¦hi´oqsn npfM~srpny´oqehi´qehryhcexR
npzsnpvwnutHr  h rut}wnpz,tHvwqsh  h ~shwnyx{z4ºt $gvwh¦hgz4ft whgqsh ~,tHwvwnyh  È r § tHnpryh¦hgv&zex{ztHqzehg­  h
r § t·ºonyx{z@¶¥¦x{fMfihzex{vwh~,tHtHf  vwwny®tHvwnyx{z#z § t'´oq § qszinpfM~,t{gv¦wqs ryhzehg­¼x{zzeh~9x{qswt4tHnp
´oqeh"wqsryh"~shgfMnyhg8cexo  q°c,tHfM~°~sxocehkhgv  x{ze¼sx{zÂz § tHqstM´oqeh/vwd~9hgq D§ npfM~,t{gv
qs4ryh#,tHzsax{zsny´oqeh¶00tHx{ze  ´oqehgzv·¼%x{qehx{z  npvwnyx{ze  h#ºx{r¼&x{z hgz s qsnpvM´oqeh
 hfix  n Ã,·tHvwnyx{zehgqsryhgfihgzv  q\zehg­  hir § tºRnyx{z z § x{zvM´qehvwd4~?hgq D§ npfM~,t{gvwqsrut
npz,tHvwqsh  h'~shwnyx{z`tHq|x{r¶
Ä z#hDhgv·¼wnx{z#x{zewn  dgh  h s ¨Çx{wftHvwnyx{ze ?h·tHqex{qs~~srpqe npfM~?x{wvtHzvh  qzehg­²Pnygn¼
x{z`zeh"¨ÇtHnpv´oq § tHrpryx{zshg8ryhkzehg­kftHny  h
7
hgv
11
fidgvwh}x{zovwhkryh
2.5
fidgvwh8~s    hgfµ
fihgzov®³F¼x{z¾x{svwnyhgzv"hgqsryhgfihgzov/qsz|tHnpz  h
1.4   hgv 1.7   hw~?hgvwnpºhgfihgzv'wqs Bispr ¶ Ä v·¼nx{zÒwqs~s~swnpfihÂvx{qsvnpfM~sryhgfihgzv  ¾rut¾ftHnpz \ryh°cexR  È+tHqÐzehg­  tHzeiryhÂc,tHfM~
~sxRceh¼sx{zÂx{svwnyhgzovqsztHnpz  h
13   ¼s´oqsn?~9hgqsv $gvwh"x{zewn s   x{fMfih"qsztHnpzÂft RnpftHrhgzoºony®tHh·tHsryh¶
b¹x{qsvhF¨Çx{ny  tHze%rut/hgvwnyx{zM~s    hgzvh¼ox{zMt/x{ehgwº  ´oqeh¦~9x{qs%qsztHzsryh D§ tHvwvt{´oqeh  h
2◦
ryh"cexR  h}zehg­'hwv~srpqenpzovhgzeh"´qeh"hgrpqsn  h/ºx{nprpqsh¶s«"tHzeh/·t{·¼Rqszeh/fix  n Ã,·tHvwnyx{z
 qÅzehg­  x{npv4t·ºx{npkqszÅnpfM~,t{gvk~srpqe'npfM~?x{wvtHzv·¶ Ä ?hgvwnpºhgfihgzov·¼&x{zÅhgftH´oqehM´oqehMhgvwvh
¨Çx{ny¦x{zt4qsz#tHnpz  h
2.1   ~?x{qs ryh}~sxHÃerDx{~svwnpftHr  h8ruthgvwnyx{z~s    hgzvh¶s%tHx{zvwh¼~?x{qsryh'~sxHÃer@fMnpzsnpfMny®tHzv8ryhk,tHzsx{zsny´oqeh'~9x{qsqszatHzsryh D§ tHvwvt{´qeh  h
5◦
¼sx{z`x{svwnyhgzv
,.-[v, á
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qszeh  npfMnpzqsvwnyx{z  q°,tHzs#x{zsny´oqeh'ºtHwnutHzv  h
1.1   ¼ 0npqsh4¶¥¦h'~sxHÃer0hwv8x{~svwnpftHr 
5◦
ftHny~,t{
2◦
¶
¥¦h"  wqsrpvtHv8hwvx{c  tHzv/·tHwn@x{z`tHz,tHrph"ryh'c,tHfM~°~sxRceh4x{svhgzq\²©F¨w¶ 0npqshk
hgz,t{ tHqeceh7³F¼,x{z°x{zewvtHvh'´qeh/ryh/~sxHÃer@x{~svwnpftHr  h"ruthgvwnyx{zÂ~s    hgzvh4hwvhgrpqsn
´oqsnD  qsnpvryh'~srpqeryh'cexR  h'zehg­¶
« § tH~sd¦ryh   wqsrpvtHvx{svhgzqe·¼Rx{z~9hgqsv¦x{zegrpqsh/´oqehrut4  qegvwnyx{z  hrutmR¯« Ä ~?hg¿µ
fihgv D§ x{svhgzsnp  hM~sxHÃeryM  qsnytHzovryh,tHzs¢x{zsny´qehftHnyMzeh°~9hgwfihgvM~,t{ D§ x{svhgzsnp
¨Çx{  fihgzvryh#fihgnprpryhgqs~sxHÃery´oqsn8fMnpzsnpfMnyhgtHnyhgzvÂryh°,tHzs x{zsny´oqeh  tHze#ryhtHrpxHµ
wnpvwcsfih D§ x{~svwnpfMny®tHvwnyx{z@¶ Ä zÅx{qsvwh¼Dx{zÅx{zewvtHvh´qehr § x{zÅx{svwnyhgzv  h"tHnpze"vwd}¨tHnpsryh
hgz#zehfix  n ÃtHzv´qeh8ryhzehg­  qÂmsmR¯¦±,¼h8´oqsnenpz  ny´oqeh}´oqehrutk  qegvwnyx{z  qi,tHzsx{zsny´oqeh
z  hwnpvh"r § x{~svwnpfMnytHvwnyx{z¾x{fM~srydgvh  h'r § tºRnyx{z@¶
 o¡ 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«"tHzehgvwvh  vwq  h¼&zex{qetºx{zeMtH~s~srpny´q  ryhkvhcszsny´qeh D§ t  tH~svtHvwnyx{z  hiftHnprprutHh
~?x{qs8qsza~sx{srydgfih D§ x{~svwnpfMnytHvwnyx{z¾ºony®tHzv M  qsnphryhk,tHzsx{zsny´oqeh¶ /x{qe/t·ºx{ze/~s  µ
hgzv  qszeh4~srutHvhFµÇ¨©x{wfiht  tH~svtHvwnpºhtHqsvx{ftHvwny´oqeh  nywvwwnpsq  hk~?x{qs8ryhk·tHrygqsr  q`,tHzsxHµ
zsny´oqehihgvkzex{qetºx{ze4npz  ny´q  qszehMf  vwcex  h D§ x{~svwnpfMnytHvwnyx{z  uU
      ,t{  hiwqs4ryh
qs¿¨Çt{h  h"  ~?x{zeh¶
¥¦hgvwvh  vwq  htfMny&hgz  ºon  hgzeh r § npfM~,t{gv  h rut~s  gnywnyx{z  h rutx{rpqsvwnyx{z  tHze&ryh c,tHfM~
~sxRceh#²Pryx{npz  q°~sxHÃerK³qsrutM´q,tHrpnpv 4 h"rut~s  nygvwnyx{z  q°,tHzs#x{zsny´qeh¶,&x{qs/x{svhgzsnp
qszeh/?x{zszeh/~s  nygvwnyx{z  q,tHzsix{zsny´qeh¼RnprDhwvz  htHnph D§ qsvwnprpnyhg  hftHnprprutHhqMµ
®tHfMfihgzv~s  gny x{qehgv%ryx{npz  h¦r § tºRnyx{z@¶0x{qs x{svhgzsnp  h¦vhgrpryh x{rpqsvwnyx{ze·¼Hryhvhcszsny´qeh
D§ t  tH~svtHvwnyx{z  hftHnprprutHhhgfsryhgzv vwd tH~s~sx{~swn  h7¼zex{vtHfMfihgzv {htHqMtizehgfihgzv
tHqsvx{ftHvwny´oqeh  qMftHnprprutHh8ryhryx{zs  h ½{zeh  h at{c@¶}x{qe tºx{ze·¼~,tH¦tHnprpryhgqs·¼fix{zvw 
rutkx{zºhgwhgzeh  hrut'wnpz,tHvwqsh  h~shwnyx{ztHqx{rtHqx{qs  qi~sxRhwqe D§ t  tH~svtHvwnyx{z@¶
,.-[v, á
 	
  !"$#%&
 ' 
(
*),+-
./*
 021/ 33!435&*61'1798&!
 G
b¹x{qsvhF¨Çx{ny·¼7r § t  tH~svtHvwnyx{z  h ftHnprprutHh nyx{vwx{~?h zeh hgf4sryh ~,t{@vx{qsv ¦¨tHnpv&tHvwny¿¨tHnytHzovh¶
Ä z\hDhgv·¼&wn x{z\x{zewn  dgh#rut`x{rpqsvwnyx{z¢vwx{~ ryx{npz  h#r § tºRnyx{z@¼&x{z x{zewvtHvhqszeh  n*9qenyx{z
vwx{~npfM~9x{wvtHzovh  h cexo7¶! rehgf4sryh  x{ze8z  htHnphhx{qswnp  h ftHnprprutHh t  tH~sv  
tHzsnyx{vwx{~9h·¼RsnyhgzÂ´oqeh}ryh/·tHrygqsr@x{npvhgqsr  wnyhgz@¼s´oqsn~?hgwfihgvwvwtHnpv  h/~sx{~,tHhghgzex{h"~srpqe
ryx{npz`ryhtizehgfihgzv}vx{qsv8hgzÂ  qsnytHzov8rut  n*?qewnyx{zÂzqsf  wny´oqeh¶
«/h8~srpqe·¼r § tHqsvx{ftHvwny®tHvwnyx{z  h8r § t  tH~svtHvwnyx{z  h8ftHnprprutHh}hgv ryhrutHzehgfihgzov  h¦wnpfqsrut µ
vwnyx{ze¦hgzi~,tHtHrprydgryh"t'fix{zovw } tHze¦hgvwvh  vwq  h}´q § npr  vtHnpv ~?xwnpsryh D§ x{svhgzsnp¦tH~sn  hgfihgzv
qsz  c,tHzovwnprpryx{zsz,tHh  h|r § hw~,t{h  h|x{zovw½{ryhahgvÂtHnpzewn'tºx{npqszeh|~shgfMnydgh|n s h  h|rut
qs¿¨Çt{h  h'  ~?x{zeh'´oqeh"r § x{z`cehgceh fMnpzsnpfMnyhg·¶
«"tHzeh¦vwt·º{tHnpr¼  hgqfix  n Ã,·tHvwnyx{ze  qMzehg­  qmsmR¯±kx{zv  v  hFcsnp  h7¶H¸&t8~shgfMnydgh
t/~?hgwfMny  h  qsnphr § npzovhgzewnpv  qM~shgfMnyhg cexo  qic,tHfM~i~sxRceh  ÈtHqMzehg­  hr § tºRnyx{z
vx{qsvhgz  npfMnpzq,tHzvr  dghgfihgzovrutkvwt&yz  h"hgv hgzx{zehgwºtHzvrut4~9x{wvtHzeh¶s¥¦hg~9hgz  tHzov·¼sh
zex{qsºh·tHq`~sxHÃer¹z § tMhgq°´oqeh'vwd~?hgq D§ npfM~,t{gv}wqs8ryh",tHzsx{zsny´oqeh¶e¸¹t  hgqnydgfihk´oqsn&t
 x{zsz  qszeh4wnpz,tHvwqsh  hk~shwnyx{z|tHq|x{r¹fMnpzsnpftHryhtMhgq`~?x{qs8npfM~,t{gv  hk  qsnphr § tHfµ
~srpnpvwq  h  q~shgfMnyhgcexR  tHze ryh8c,tHfM~#~sxRceh¶atHny7¼hzex{qsºh·tHq~sxHÃer,zeh8  qsnpv¦´oqeh
¨tHnpsryhgfihgzv8ryh},tHzsix{zsny´qeh"hgvhwvfix{npzeh·t{hk´oqeh/ryh}~s    hgzov~?x{qsqszeh}npzegn  hgzeh
 h
2◦
¶
Æ8qMx{qs  hhgvwvh  vwq  h¼{zex{qe tºx{zefMny%hgz  ºon  hgzeh´oqeh¦ryh¦~sx{srydgfih  h   qegvwnyx{z
 qM,tHzskx{zsny´qehhwvqszM~sx{srydgfih  n*gnpryh¼´qsnz  hwnpvh  h~shgz  hhgzix{fM~svhvx{qsvryh
 r  fihgzov  h rut  x{f  vwwnyh  h r § tºRnyx{zryx{  h r § x{~svwnpfMny®tHvwnyx{znqszeh   qegvwnyx{zwnpzsn Ã,·tHvwnpºh
 h"rutiwnpz,tHvwqsh  h'~shnyx{z`tHq`x{r@hwvhgzoºonytH  h¶
&x{qsx{zegrpqsh¼&hgvwvh  vwq  htÂfix{zvw  ´qehirutÂ~srutHvhFµÇ¨Çx{wfihtHqsvx{ftHvwny´oqeh D§ t  tH~svt µ
vwnyx{z  hiftHnprprutHh#hwvx{fM~srydgvhgfihgzovft&yvwwny  hhgv4ryh4  wqsrpvtHvx{svhgzqeMtºh#hgrpryhx{zov
®tHvwny¿¨ÇtHny®tHzv·¶?%tHkx{ze  ´qehgzov·¼Dnpr%zehhwvh~srpqe'´q § x{qs~sryhg'r § t  tH~svtHvwnyx{z  hftHnprprutHh
t·ºhqsz tHrpx{wnpvwcsfih D§ x{~svwnpfMnytHvwnyx{z ~?x{qsfihgvwvwhhgz ~srut{h#rut`~srutHvhFµÇ¨Çx{wfiht  tH~svtHvwnpºh
D§ x{~svwnpfMny®tHvwnyx{z@¶
8zeh"~?hgw~?hgvwnpºh"~9x{qs8h"vÞo~?h D§ tH~s~sxRceh D§ x{~svwnpfMny®tHvwnyx{z $uU
   !  qsryh",tHzs
x{zsny´qeh8~9x{qswtHnpv $gvwh¼~,tH hFshgfM~sryh¼or § tHz,tHrpRh  hr § t wx{qsv  h  ·tHz,tH  wqs ryh8f4qeh·tHq  q
moqs~?hg®mRx{zsnyk¯¦qewnpzeh8±hgv·¶
 o¡  
HÎ&? o¡  > Ì· £ ¥¦hgvwvh  vwq  h4t  v    tHrpny  h  tHzeryhk·t  h D§ qsz`x{zovwtHv}tºh«'t{¿µ
®tHqsrpv8Æ¹ºRnutHvwnyx{z@¶,¥¦h'vwt·º{tHnpr%t  v  hgz  q`~?xwnpsryh"{h MrutMx{rprutH9x{tHvwnyx{z¾tºh'r §Á ´oqsnp~?h
 h`«"t{tHqsrpviÆ¹ºRnutHvwnyx{zÒ´oqsnzex{qeta¨Çx{qswzsnrut¾  x{f  vwwnyh  q moqs~?hg®mRx{zsny`¯¦qewnpzehi±hgv·¶
/x{qe vhgzex{ze4hgfihggnyhg·¼~srpqe¦~,tHwvwnygqsrpnydghgfihgzv·¼M¶8x{  ~?x{qs¦tk~,tHwvwnygnp~,tHvwnyx{z°hgv¦h
x{fMfihgzovtHnph}x{zevwwqegvwn ¨©·¶
vv çwJx!y x!z
j   17    #  
		63
62 2%$?(0

 
	
 
) +#  &  
		
0&.#")*& &( "#  !& #   ))	+,
 	+  
# "&(&  $%&  &(
 	  &  "!$#&%'(*)(,+-.0/1-32546/7)(985:;7<>=@?3(02A'A=@/1B
C -6<>/ED&(08@8F=G(02IHJHLK6MNMO 
 PKQ	RN6SUTWV9XY,Z # +#&(" [ &""#&(" 0   #"$%& &   #"$%& 
 #
"#) & 
) " 	 [   
) +  & !		
0&N\ 
"##& '^] #) &   5_ ("$%&  >`I4aDD>-32b/c)N(`I(A.a#>(25.A#&(HJdfe
`cH5ghij6kl&  " K6MNMO 
  O3VEV7I	mnopmrqIsQWtuIvwX$m
mx7n"yz	{|V&7}*>opmn~ 
 &  	0"##  " & 0 
 
 )#!W +#,6 &* )*&" #\ 	
J "#  ^gcHag*g4AD&(02b^KMMNK3M>0iNi>KMMK 
  i6	{,*$m"&tm"}*}*y '  !)	&&&( #   #&(   9  # "& "  	 
# 	&(   0#  	#  " &"   &  0%+    &" & )"#N	&  ]  )) 	
#  R   &	
\ "#N	& ~7D^/=@R=Wp43/=G-3<>/#&(A-32b{46<^){.a-6<>/25-38E # 
) ) & 
" >K6MMK 
 PkQtEV7 *7o0X^m"¡5¢£7&qr¤RL¥L"qrtm7}*}*y97n"y§¦{,TI@X^m7n"n"&$~^ #
"#)
¨  #"  "&   &(5_  
)+© " 	3ª«   	
#  Hb<L/¬|­¬9dh®w(20¬ C (0/@#>¬*¯8F®=G)Q'b
° 	 Kk ) )" ijkQiNl>^llj 
  ±3²R ^X"~q9v³9tU"q9 	X$´X$m^µ¶n"yt9·@¸7LY, _ 
)*&{ )#!(+U & 
5_  	0¹f "º &   0 a_&I c»% ' #
	L\ "&("&cº & g*H5g*g¼4aD>(02bKMMNK3M>0ik
K6MMK 
 FjpTEV7,9XY,   "J & "#&( & J_ 0  25-p.¬9-¾½w¿/@#ÀHb<>/1¬ C ('5#=@<Á{`I-3®<>/14Â08W(0Ã &0ªÄ " 
	& 
  &Å   ¨  f"QK6O6apO±&K6MNMM 
  Æ3TEV79XY,ÇÈQÉÊ^   		¹ #!
#!  )#  & #
"#) #"5 &!"&!&(5_0,)"#&  "& 
`*4aDND&-62b/h!L(A.a#<>=GË0®>(IH5d*`cHag| ºÌ 1MNKkNKÃ   & "#& K6MNM& 
  l3TEV7R9XYÍÎTEÏIwÐ>mX$´7$  		0&  ] 
)) 	
#    	 !&( ÒÑ  IÓ(02b%'
Ô .0=G(<$.a(0 \ 
" plll 
 WpM3TP¡aÏ*cÐ>m7X^´7$ Ì& !& J_0 ]   "#  #  )!(+ 
    
) +  )" &&   0
UÕ /#H<>/1(2b<$43/=G-3<$438 C ('J#=@<Á`*-6®<^)6/4NÂ8W(0  5_ Å Ö&hÌ 
    ¨  plll 
 WNTEÏI^Ð>m7X$´$6×ÈQÉ>ØÙNÚÛÜ^  		¹ 
# 
#   
)  &  & J_ 0&(&" + !&a_   5_"&&
 !&(   r!L(A.a#<>=G.A438$d-3/1(HJd*`*H5g|&KMM& 
 WQKQctm"}*}*y  	 Ý ¹  
! !)+Þª  a_ Ã   Kß|Z 
  #&"  0  &º &(	& #&
  M&>`*4ADD>-32b/f!>(A.A#<L=GË®>(HJdI`cH5gh º
Ì 1M&p±6iLLpll6i 
 WpO37tm7}*}*y  )!(
# 
&("#  ¹  ! 
   # )*&"5 "! &  #) &("# 
   	 #" 
 #)*"# 
à*!^` Ô ®Rw(2rD$25-5Á2546âáãã6áfD$25-.A(A(A)3=@<Á3'b^KMMK 
 Wi6~tm7}*}c7y,©VW¤{,äL£"¥ \ " +$%&  & 	 # 	+#  ! "$ & L+®<^-p)3 \ "# 
K6MMNO 
 WQkQ tm7}I}cy7r7n"y§¦{rT*@X$mn"n^ ))	&  5_ ) & )!(
#³ "Iå    ,æa½-325)
;7<>=@?3¬" 25('A'0¬LK6MNM& 
 Wp±3v³EV7T*m"¸
@n º &  &0ª 6,  |» çÌ9_&("a¹ >gcHag*gèc4aD>(2b7lÆNl3ApMNk>lÆNl 
 W3jp²I,"éhm7}c7o6Z  #" 
)*	+# #*% )"&("& #0 +"&(,¹ 5_ &*ª   & "# ) " 
 &#&("  &5_ ^d4Q'04Þ!^d¬+e5ê Õë á7ljK 
 WpÆ3t~ì í7î7">>q~	{¢>Xpï7@&ð7n"y,vm7m7L7o3$ &"  ¹  
!
	 
  f*% ) 
 (
#,6 !)*&" # " " 3  >`*4ADD>-32b/)(`*(A.a#>(2a.a#>(IH5d*`cHag| 
◦
ikKM&&K6MNMNK 
 Wpl3²Ð$ñò"£}f Ì9_ &cå 3ª ) 
&" 6  )*&" # )"6ó &  	& à~-6R®<>=G.A46/ô=G-6<&'|-6<{ ®25(
43<^)grDND^8F=G(A) C 46/@#>(w43/=G.'AkQ1O ] OM>1O6iÆ&&plNkK 
,.-[v, á
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
